Pais 


REGISTERED No. M. 3121 


PROCEEDINGS 


OF THE 


INDIAN ACADEMY 
OF SCIENCES 





SECTION A 








NOVEMBER, 1939 


Price Rs. 2 or 3 Sh. Annual Subscription Rs. 18 





PRINTED AT THE BANGALORE PRESS, BANGALORE CITY, BY G. SRINIVASA RAO, 
SUPERINTENDENT, AND PUBLISHED BY THE INDIAN ACADEMY OF SCIENCES, 
HEBBAL, BANGALORE. 

















HAIDINGER’S RINGS IN SOAP BUBBLES 
By Sir C. V. RAMAN AND V. S. RAJAGOPALAN 
Received October 16, 1939 
1. Introduction 


THE colours of soap films are the classic illustration of the interferences of 
light in thin plates for which the theory was first given by Thomas Young. 
To exhibit these colours most advantageously, it is usual to stretch a film 
of soap solution on a wire frame and allow it to drain by placing it in a 
vertical plane. Horizontal bands of colour then develop on the film which 
are best seen in the light reflected at its surface. These bands of colour 
result from the varying thickness of the film and become more conspicuous 
as it grows thinner. ‘The colours seen depend both on the thickness of the 
film and the angle at which the light falls on it before being reflected and 
teaching the eye of the observer. This angle of incidence does not differ 
appreciably for different parts of the surface of a plane film, provided that 
the eye of the observer is sufficiently distant. The circumstances are, how- 
ever, quite different in regard to the colours exhibited by a spherical soap- 
bubble. In this case, it is obvious that the surface of the bubble presents 
itself to the eye at all angles varying from a normal to a tangential aspect. 
The colours of a spherical soap-bubble necessarily therefore exhibit the efiect 
of the varying obliquity of incidence of the light reflected at its surface. 
Indeed, in the ideal case of a spherical bubble of completely uniform thick- 
ness, the variations of colour exhibited by the surface would be determined 
exclusively by such variations of obliquity. The colour pattern in this ideal 
case would consist of a set of circular rings localised on the surface of the 
bubble and arranged concentrically around that diameter of the sphere which 
when produced meets the eye of the observer. It is the purpose of this 
paper to show that this effect can actually be observed and to emphasise that 
it is essentially similar to the well-known rings of Haidinger exhibited by a 
plane-parallel plate in monochromatic light. Indeed, as will be shown in 
this paper, there is a simple geometric relation between the configuration of 
the interference curves of equal inclination as exbibited respectively by a 
spherical film and a plane-parallel one of the same thickness. The position 
of the observer's eye enters into this geometric relation, and when the 
eye is sufficiently close to the surface of the plate, the two cases become 
indistinguishable. . 
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2. Methods of Observation 


The interference figures of soap-bubbles in transmitted light, though not 
so striking as those exhibited by reflexion, are in a sense the more easily 
observed. All that is necessary is to view the bubble against an illuminated 
background. Using monochromatic light (a mercury lamp with a green ray 
filter), the interference curves may be observed and photographed with very 
brief exposures, and the changes which occur with time may therefore be 
readily followed and recorded. ‘To observe the complete interference figures 
of a soap-bubble as seen by reflexion, it is necessary to place the bubble 
inside an illuminated enclosure. This may conveniently be done by sur- 
rounding the bubble by a cover of translucent material, e.g., paper, and 
lighting up the latter from outside. It is necessary, of course, to provide 
the enclosure with two apertures, one to serve as a dark background for 
the bubble, and the other as an opening through which it may be observed 
or photographed. Plates XVI and XVII reproduce photographs obtained in 
this way. Plate XVI illustrates soap-bubbles as seen in transmitted light 
and Plate XVII as observed by reflexion. Figs. (a) to (d) in both Plates 
illustrate the Haidinger rings exhibited by soap-bubbles of uniform thickness 
(different in each case) ; while Figs. (e) to (h) in the two Plates illustrate 
the interference curves of non-uniform bubbles. The form of the inter- 
ferences in the latter case is evidently determined jointly by variations of 
thickness and of obliquity. 


3. Behaviour of Spherical Soap-Films 


Optical observation as described above enables us readily to follow 
both the configuration of thickness in a spherical bubble when it is first blown 
and also the changes that occur in it with lapse of time. It is quite possible, 
using suitable technique, to blow bubbles of almost ideal perfection in regard 
to uniformity of thickness. ‘This is largely a question of avoiding any super- 
fluity of liquid in the first instance and of adjusting the rate of blowing to 
the quantity of liquid used. The use of a capillary tube with its ends ground 
flat appears to be the most convenient method of securing both these aims, 
and bubbles blown with its aid exhibit, in the first instance, a perfect system 
of Haidinger rings. Soon after the bubble is blown, however, the natural 
flow of the liquid downwards within the film causes the lower levels to gain 
in thickness at the expense of the upper. This non-uniformity of thickness 
reveals itself immediately in interference figures of which the form is no 
longer independent of the direction in which the bubble is observed. When 
the bubble is seen horizontally, the ring-system ceases to be centred round 
the line joining the eye and the bubble and gradually moves downwards 
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making the pattern unsymmetrical. Successive rings as they go down be- 
come incomplete arcs meeting the edge of the bubble. Finally, the inner- 
most ring touches th: bottom, and the interference curves above gradually 
straighten out and stretch more or less horizontally across the bubble, reach- 
ing and cutting its periphery. A distinct curvature, however, remains as an 
indication of the effect of varying obliquity on their form. The complete 
sequence of changes observed and its progress with lapse of time naturally 
depend upon the initial thickness and size of the bubble and the viscosity 
of the soap solution used. The changes are naturally the more rapid, the 
greater the thickness of the. bubble in the first instance and the less the 
viscosity of the solution used. 


Any initial excess of the liquid used in blowing a bubble reveals itself 
in a striking non-uniformity of its thickness. The contour lines of constant 
thickness, are of course, horizontal circles, and these congregate densely in 
the lower levels of the bubble ; their position is indicated by the interference 
lines of equal thickness which appear crowded together in this region and 
indeed seem to bear no relation to the more widely distributed curves seen 
in the upper parts of the bubble. Viewed from a point vertically above or 
below it, such a non-uniform bubble presents a symmetrical aspect, the inter- 
ference curves being horizontal circles. These, however, are crowded to- 
gether in the lower parts of the bubble and very wide apart in the upper 
levels. 

It may be pointed out that as the sequence of changes described above 
for a spherical soap-bubble may be readily photographed and measured, it 
offers the possibility of a quantitative test of the theory that viscous flow of 
liquid within the film is tue cause of its thinning. According to Willard Gibbs 
(Scientific Papers, p. 307, et seqg.), the changes occurring within a soap-film 
are due not so much to the action of gravity as to the suction exercised by 
the ring of liquid formed along the line where the film meets its solid sup- 
ports. Indeed it appears that in the case of a plane film this suction is the 
agent principally responsible for its thinning down. It would, therefore, seem 
to be important to investigate whether this is the case also for a spherical 
bubble when the perimeter of its support is reduced to the absolute minimum 
necessary. 


4. The Crossed Air-Jets Method 


A simple and e¢fficacious technique has been devised by the authors 
which enables a soap-bubble to be reduced to unifo:m thickness even wh n 
it is initially non-uniform and by which the unifoimity of thickness thus ob- 
tained can be maintained. A soap-bubble is blown and allowed to sit on the 








320 C. V. Raman and V. S. Rajagopalan 


circular end of a vertical glass tube. Two very gentle currents of air are 
blown upwards from two glass tubes placed below the level of the support 
of the bubble and displaced from it in two directions exactly a right angle 
apart. ‘The effect of the air currents impinging at an angle on the surface 
of the bubble is to set up an upward drift of the liquid within the film in 
two directions 90° apart. The resulting circulation soon results in the thick- 
ness of the film becoming the same everywhere. The continued flow of the 
two air currents with just sufficient force to counteract the tendency of 
downward movement ensures the thickness of the bubble remaining uniform 
in spite of its steady thinning by evaporation. By using a mechanical 
blower with a control stop-cock, the currents of air can be made sufficiently 
weak to accomplish this purpose without causing the bubble to oscillate on 
its support and without setting up any visible vortex motion on its surface, 
The success of the device is most clearly exhibited by its optical results, 
‘The interference pattern takes the form of perfect circles and becomes identi- 
cal from whatever aspect the bubble may be viewed. The adoption of this 
device has been found very useful in obtaining photographs of the Haidinger 
rings, especially those seen in reflexion, for which somewhat longer exposures 
are necessary than in the case of the transmitted system of rings. The photo- 
graphs reproduced in the two Plates illustrating the paper were actually 
obtained in this way. 


5. Optical Characters of the Interferences 


As is to be expected, the transmitted system of rings exhibit less strik- 
ing contrasts between the maxima and minima of illumination than the 
juterferences observed by reflexion. Towards the margin of the bubble, 
however, the minima of illumination in the rings observed in transmission 
are seen to become much more conspicuous (Plate XVI), and on the extreme 
edge of the bubble they become broad and very dark, the maxima, at the 
same time, becoming bright and narrow lines cutting through them. The 
reverse is seen to be the case in the reflected system of rings, the minima 
becoming sharp dark lines cutting across the broad and bright maxima. 
These effects, of course, are due to the effect of multiple reflexions within 
the film becoming sensible at oblique incidences. 


Reference may appropriately be made here to the photographs of soap- 
bubbles between crossed nicols observed in monochromatic light by trans- 
mission obtained by one of us and published some years ago in the Indian 
Journal of Physics (1929, 4, Plate X, facing page 390). Striking differences 
will be noticed between the effects there reproduced and the photo- 
graphs of the Haidinger rings in transmitted light which illustrate the present 
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paper. Apart from the appearance of a black cross, it is noticed the rings 
as seen by transmission between crossed nicols, resemble rather the rings as 
seen in reflexion without them and illustrated in the present paper. The 
explanation for this will be clear from the theoretical discussion of the results 
by Prof. K. S. Krishnan in the paper appearing in the issue of the 
Indian Journal of Physics quoted above; indeed Krishnan definitely drew 
attention to the feature just mentioned. 


6. Angular Diameters of the Rings 


We may now refer to the point already indicated in the introduction, 
namely that the interference figures exhibited by a spherical film of uniform 
thickness are essentially similar to the well-known rings of Haidinger exhibit- 
ed by a plane-parallel plate. This will be clear on a consideration of the 
geometric relationship between the configuration of the rings in the two cases. 
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Figs. 1 and 2 represent respectively the arrangements (similar in both 
cases) for observing the interference figures in a plane-parallel plate PP and 
a curved plate P’P’ of the same thickness. An opaque diffusing screen 
SS or S‘S’ which is illuminated on the side facing PP or P’P’ serves as the 
source of light. ‘The eye of the observer is placed behind an aperture O or 
O’ in the screen and views the illuminated surface of the latter as seen 
teflected at the faces of the plate PP or P’P’. A ray of light from a point 
R or R’ on the screen reaches the eye after reflexion at an angle of incidence 
ion the surface of the plate PP or P’P’ which is the same in both cases. 
It will however be seen after such reflexion at different angles to the axial 
ray in the two cases, namely, 7 in one case, and @ in the other. If a@ is the 
tadius of curvature of the plate and w is the distance between it and the 
observer’s eye, it can be deduced from the diagram that 

6/i =al(a +4). 
In other words, the system of interference rings produced by the curved 
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plate is geometrically similar to that for the plane-parallel plate, but ap- 
pears reduced in size ; the ratio of the angular diameters of the rings in the 
two cases is the same as the angular diameters of an object at the position 
of the observer’s eye as seen by reflexion in the flat and curved plate res- 
pectively bear to each other.. If the plate is concave instead of being convex 
towards the eye, we have merely to consider u and a in the formula as of 
opposite sign, but the relation as stated above remains unaltered. It will 
be noticed that when w is sufficiently small in relation to a, in other werds, 
when the eye is sufficiently near to them, a curved plate and a plane one 
exhibit interference figures which are identical. On the other hand when 
the distance between the eye and the plate is sufficiently great, the angular 
diameters of the rings for a curved plate are inversely proportional to such 
distance, in other words, the rings appear as of fixed linear dimensions 
relatively to the plate. In sucha case, also, it makes no difference whether 
the plate is convex or concave towards the eye of the observer. The 
Haidinger rings on the front and rear surfaces of a spherical soap-bubble 
appear, therefore, coincident to an observer at a sufficient distance from it. 
But this would not be the case when the eye is placed near the bubble. 


7. Localisation of the Rings 


As is well known, the Haidinger rings due to a plane-parallel plate 
may be seen with an extended source of light through a telescope of any 
aperture focussed for infinity, whereas, as we have seen, the interference 
figures of a curved plate vary in their size and location with the position of 
the observer’s eye, and accordingly demand a limited aperture of observation, 
though an extended source of light may be used. It appears, therefore, worth- 
while to emphasise the essential similarity between the two cases by con- 
sidering an arrangement in which the interference rings instead of being 
virtual are received on a screen. ‘This may be done by merely reversing - 
the roles of the aperture and the screen in Figs. 1 and 2 above. The aper- 
ture O is illuminated and the light diverging from it falls on the plate PP 
or P’P’ and after reflexion at its surfaces is received on the screen SS or S'S’ 
which becomes the surface on which the interference pattern is actually 
formed and observed. It will be obvious from Figs. 1 and 2 that the inter- 
ference figures of the plane and curved plates seen on the screen would, then 
be completely identical. Further, as the position of the screen SS or S'S’ 
is quite arbitrary, it is clear that the Haidinger rings are not localised at 
any particular position in the field but are observable everywhere to the 
right of the plate PP or P’P’. ‘The reason for this will be seen better from 
Figs. 3 and 4 in which O or O’ is a point source of light on one side of the 
plate PP or P’P’ and O,, Og, Oz, etc., or O,’, O.’, O,’ are its virtual images 
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Interference Figures in Soap-Bubbles by Reflected Light 
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formed by successive reflexions at the two surfaces. As these sources are 
coherent amongst themselves, they must give rise to a system of interference 
rings symmetric about the line O O, O,- - - or O’ O’, O’2: - - + which ex- 
tends from the surface of the plate to an infinite distance on the right side. 
The special feature which distinguishes the case of the plane-parallel plate 
from that of the curved one is the circumstance arising from purely 
geometrical considerations that in the former case, any movement of the 
source O either along the line O O, or perpendicular to it leaves the posi- 
tions of the interference maxima and minima at infinity undistu1bed. 


Summary 


By suitable arrangements which are described, it is possible to obtain 
soap-bubbles which are perfectly uniform in thickness and to maintain them 
in that state. Such bubbles exhibit by transmission or reflexion, inter- 
ference figures consisting of concentric rings which are essentially of the same 
physical nature as the Haidinger rings due to a plane-parallel plate, besides 
being geometrically similar to them in configuration. Sixteen photographs 
are reproduced showing the interference figures of soap-bubbles of uniform 
thickness as also of the changes which occur in them when the films are 
allowed to drain. The question of the localisation of the interference figures 
of a curved plate is discussed. 
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(Communicated by Sir C. V. Raman, Kt., F.R.S., N.L.) 


Drrac (1938) has shown that by considering the conservation of energy and 
momentum, equations can be derived for the motion of a point charge in an 
electiomagnetic field which are the same as those derived by Lorentz for the 
appioximate motion in an external field of an electron whose charge is 
distributed in a finite volume. As derived by Dirac, the mass appears in 
these equations as an atbitrary constant, and the term containing it is not 
uniquely determined in its form. There are an infinite number of possi- 
bilities which fulfil the conditions required of this term, of which Dirac 
himself has given two. Only one of these, namely the simplest, leads to the 
equations of Lorentz. ‘The purpose of this note is to show that there are 
other conditions which this term has to satisfy which have not been considered 
by Dirac, and which very drastically cut down the possible choice for this 
term. Nevertheless there is an infinite choice still possible. If however 
it is demanded that the equations shall not contain higher derivatives of the 
velocity than the second explicitly, then there is only one set of equations 
possible, namely those of Lorentz-Dirac. If the third derivative of the 
velocity is allowed to appear explicitly but not higher ones, then again an 
infinite number of equations becomes possible. But being equations in which 
the third derivative of the velocity appears explicitly, three data are neces- 
sary before the trajectory is properly determined, and it does not seem possi- 
ble to give these in any natural way. There is, however, one exception, 
namely an equation much more complicated than the Lorentz-Dirac equa- 
tion which leads to a motion of the point charge quite unlike the known 
behaviour of electrons. 


In physics, besides the energy and momentum, the angular momentum 
is also conserved, so that in finding new equations for the motion of a point 
charge in an electromagnetic ficld, the conservation of this quantity has also to 
be taken into consideration. Now in fields without singularities the conserva- 
tion of energy and momentum at every point of the field necessarily leads to 
the conservation of angular momentum, but this is no longer so when point 
charges are present in the field, and equations of motion for the point charge 
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can be found such that energy and momentum but not the angular momentum 
are conserved for the whole system consisting of the point charge and the 
field. When point charges are present, therefore, the conservation of angular 
momentum has to be demanded explicitly. 


Our method in this paper follows that of Dirac closely. We assume that 
the Maxwell equations hold exactly everywhere in space. Corresponding 
to the energy momentum density tensor of the field we now introduce a 
tensor of the third rank to represent the angular momentum density of the 
field. By means of this we calculate the flow of angular momentum out of 
a tube surrounding the world-line of the point charge. The conservation of 
angular momentum then demands that this flow shall only depend on condi- 
tions at the two ends of the tube. This cannot of course lead to a new set 
of equations for the motion of the point charge, since this is only described 
by one set of co-ordinates whose change is determined by the equations 
derived from the conservation of energy and momentum. But it will be 
shown that only for some equations describing the motion of the point charge 
does the conservation of energy and momentum automatically lead to the 
conservation of angular momentum of the system as a whole. 


In the case of a point charge with a sfin attached to it, the conservation 
of momentum and angular momentum lead to different sets of equations. 
The conservation of energy and momentuin leads to equations for the motion 
of the point charge as a whole, while the conservation of angular momentum 
leads to equations for the rotation of the spin. ‘This problem can be solved, 
but is very much more complicated than that of a point charge, and will be 
dealt with in a separate paper. 


The Equations of Motion 


The co-ordinates of a point will be denoted by x,,and the metric tensor 
will be assumed to be given by go9 = 1, £11 = Z22 =%33 = — 1, the other 
components vanishing. The electromagnetic field strength at any point 
will be denoted by F,,, which is an antesymmetrical tensor. The energy- 
momentum density tensor is given as usual by 

4 Tye = Fue F%, + tBu Foe FP, (1) 
which satisfies the equation of conservation in empty space 


m) 
dx, Ty» ta (2) 


We now introduce a tensor of the third rank My, », antesymmetrical in 
Aand p, defined by 


Myy» = X% Ty» _ Xu Ty». (3) 
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It also satisfies the law of conservation, since 
m) , i 2 m) , - °) , 
ox, Myy> = Tur tT dx, Tue — Tip a dx, Ty, =0 (4) 
on account of (2) and the symmetry of T,, in» and A. This tensor may 
therefore be taken to describe the angular momentum density of the field, 


for its space components M,,, correspond to the ordinary idea of angular 
momentum. 


We denote the co-ordinates of the point charge e by zp (7), which are 
functions of the proper time 7 measured along the world line from some point 
onit. A dot over a symbol will be used to denote differentiation with respect 
to the proper time. The velocity z,. of the point charge will be denoted by v,. 
The 4-velocity vp, and its derivatives satisfy the relations 


Y =] ) 
(vv) =0 
(vv) +v?=0 1 (5) 
(v3) +3 (93) =0) 


For brevity (XY) will be used to denote X,Y and X?* to denote Xp X+, 
where Xp and Y» are any two 4-vectors. The retarded field produced by 
this point charge at any point is given by (see for example Dirac, 1938) 


S, Vy — S,v , Sy vy — Sy Vy) 
~<a a (lL — n't) + Be (6) 
where 
k= Su uF 
4 Kk’ = Sp uF, (7) 
an 
Sp = Xp — 2p (To) (8) 


is the distance from the point x» to the “retarded point’’ zp (7 9), 7.¢., the 
point on the world line such that 


Su SH =0, So > 0. (9) 
The theory is quite symmetrical between retarded and advanced potentials 
so that for brevity we will restrict ourselves to the retarded potentials. The 
incoming field Fuy at a point may then be defined following Dirac as the 


actual field ned at the point minus the retarded field. 
Jn act ret 
Fy, aa OTR: (10) 
We now assume the world line between the points 7, and 7, to be given 
and surround it by a tube. For convenience we take the tube to be defined 
by 


K = Sp uk =€ (11) 
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where « is a small constant which in the end will be made to tend to zero. 
If dSu., denote an element of the three dimensional surface of this tube, then 
the flow of energy and momentum out of the tube is given by 


Piss ads” (12) 
integrated over the strface of the tube, while the flow of angular momentum 
out of the tube is given by 

JMy,» a8". (13) 
Using (1) and (6), (12) can be calculated at once, as has been done in a 
previous paper (Bhabha, 1939). Omitting terms which vanish with « it is 
equal to 

72 ‘ , 
a J dr [ ¢ G a $y it)+eF,’ v|- 
7 € Re 
For conservation this must only depend on conditions at the two ends of the 
tube, so that the integrand must be a perfect differential. As before we may 


put it equal to Ay — & (4 “2 + 2v,) so that 


v - in - F v sae 
all G - —% Up it) il a yo — A, —¢ ( “| 4+. 2 i, ), (14) 
that is 


2(2 a2 s3.)~eF @W «J 5 
é (2 Uy t + $,) ef. U Ay. (15) 
We have to find A,. Contracting (15) withv, wesee that A, must satisfy the 
condition 


ve Ay =0. (16) 
Now consider (13). By (3) and (8) it is equal to 


I(x Tay — Xp Tr») AS’ = (8, Tay — Sp Tr») 2S" + J (2y Tyas Zp Try)dS”. (17) 
The first term on the right-hand side of (17) is evaluated in the appendix. 
Omitting terms which vanish with e, it is equal to 


Te 
—ié / dr (VV, — Vy V)). (18) 

Ty 
Consider the second term. An integral over the tube can always be split 
into an integration over a two-dimensional section of the tube such that all 
points on this section correspond to the same retarded point, and then an 
integral along the world line with respect to the retarded points. In carrying 
out the first integration over the two-dimensional section, z, (7) remains 
constant, so that this integration is the same as in (12). The second term 
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may therefore be written at once 


T2 ? . 
/ dr 2 (r) | - e(4 = 4», i*) a—_ v] 


T) a ak 


T3 . ; 
= VU se ‘ in 
-f dr zy (| — 2 G of — $v) it) «ee |, 
1 


which using (14) reduces at once to 
T. 


Jan E fA, ~¢ G ~ 4 i,)! ~ fe fA —¢e G +4 i,)| | (19) 


Ty 


The flow of angular momentum out of the world tube is equal to the sum of 
(18) and (19). For conservation, this must only depend on conditions at the 
two ends of the tube, so that the integrand must be a perfect differential 
as before. This integrand is 


a fa, —e(4% +8 i, )} - 2 fa, — (42 +8 i) 
—%e (vv, —v, 2%) 


=2 [5 fa, -—¢ ( “h+3 i,t —2,{&, —¢ G2 +25 I] 
~(, A, —9, A,). (20) 
The first term is a perfect differential, so that the second term 
v, Ap — vp Ay (21) 
has to be a perfect differential. This is a further restriction on the choice 
of A,.* 

It is clear that the demand for conservation of angular momentum 
cannot lead to new equations of motion for a point charge, unlike the demand 
for the conservation of momentum, since the incoming field does not appear 
either in (18) or in (19). This is because the highest singularities in the 
retarded field are only of order e~*. For a point dipole, the highest singu- 
larities in the retarded field are of order e~*, so that the incoming field also 
appears explicitly in the flow of angular momentum out of the tube and leads 
to equations for the rotation of the dipole. In passing it should be noticed 
that whereas the direct flow of angular momentum out of the tube given by 





* One choice for A, given by Dirac is m {v vitav (v v)}, which is a parti- 
B } » # 


cular case of m [Mp vic + Up {4 (v v) C+ v2 Cc} with C an arbitrary scalar function fo 
7. All these satisfy (16) but do not make (21) a perfect differential. They would 
therefore lead to the conservation of momentum but not of angular momentum, 
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(18) does not contain any singularities, the total flow of angular momentum 
is nevertheless infinite due to the infinite flow of momentum out of the tube 
as shown by (19). 


We now come to the choice of an expression for A,. We notice at once 
that A,, cannot contain zp, for as shown by Pryce (1938), Ay can be inter- 
preted as the “‘ mechanical energy-momentum ”’ of the point charge. This 
cannot depend on the choice of the axis of co-ordinates and hence on zp. 
If we therefore assume that Ap does not contain higher derivatives of vp 
than the second explicitly, the most general substitution is 


Ap =v, B+v,C + tp D, (22) 
where B, C and D are invariant functions of the velocity and its higher 
derivatives. Using (5) the condition (16) then becomes 


B—-#C — v1 —3 (04) D =0. (23) 
Substituting in (21) we get 
(vy Up — Vp Vy) C + (Y, Vp — vp dv) D (24) 


Now due to its antesymmetrical properties, (v, v2 — vp v, ) cannot be the 
derivative of a function of 7 not containing zp explicitly. Its derivative is 
just the coefficient of D in (24). Thus, if (24) is to be a perfect differential, 

C =D. (25) 
With the help of this (23) becomes 


B = 27D +3(v¥)D 
_— 7 
=2 5. (i D)— (v8) D. (26) 


(vv) D must therefore be a perfect differential, and since we are restricting 
ourselves to derivatives of v not higher than the second, D must be a 
power of v. 


There are an infinite number of solutions which satisfy (25) and (26) 

given by 

B = (4m + 3) (— v?)*+1 m 

C =4(m + 1)n (vv) (— v?)*-1m 

D = —2(" +1)(— v)*m (27) 
with arbitrary » and m. However, (27) is only of interest when 1 > 3, for 
otherwise C at least becomes infinite when vp, = 0, and hence the equations 
become very singular. ‘They cannot be used for describing the behaviour of a 


point charge. For ” > }, A, vanishes when dp = 0, so that in the absence 
of an external field t, = 0 follows from this by (15). Hence, for all these cases 
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if the initial acceleration is zero the charge will continue in a state of uniform 
motion, and all the higher derivatives of the velocity will also vanish. A 
closer investigation shows that this is also true for » =}. Since however 
the third derivative of the velocity also appears explicitly in the equations 
(15) through Ax it is possible in general to find a solution which satisfies three 
arbitrary conditions. ‘Thus the trajectory is not completely determined by 
the initial velocity and the stipulation that the final acceleration shall be 
zero as in the case investigated by Dirac. Yet another datum is required to 
determine the trajectory and this extra datum cannot be the condition that 
the final derivative of the acceleration shall vanish since this automatically 
follows if the final acceleration vanishes, as shown above. ‘The finding of 
another initial condition to determine the trajectory seems to be rather 
artificial, and hence I believe that the set (27) in general cannot be used for 
describing the motion of a point charge. 


An exception to the above argument is the case 7 =0. Then 


B= —3mz 

C =@ 

D = — 2m. 
In this case it no longer follows in the absence of an external field from 
equation (15) that when vp = 90, vp also vanishes. But if dp also vanishes, 


then vs must vanish by (15), so that the particle will continue in a state of 
uniform motion. ‘Lhus in this case the trajectory is completely determined 
if the initial velocity is given, and the conditions are imposed that the final 
acceleration vp and its derivative v, should vanish. There does not seem to 
be any reason for excluding (28) as a possible substitution for Ap in the 
equations describing the motion of a point charge. It should be noticed that 
the arbitrary constant m must now have the dimensions of a mass times a 
length squared. ‘The behaviour of the point charge would be quite unlike 
the known behaviour of an electron. 


If we demand that v, should not appear explicitly in the equation (15), 
then the possible choice for Ap is unique. For we must now put D = 0 in 
(22). It then follows by (25) that C =0, and by (26) that B =0. B can 
therefore only be an arbitrary constant. In fact, in this case 

Ap =™ 2p, (29) 
which is the substitution which leads to the equations of Lorentz. ‘Thus 
we have shown that if it is demanded that the equations of motion of a point 
charge do not contain higher derivatives of the acceleration than the first, then 
the set of equations possible, consistent with the conservation laws, is unique. 














Classical Theory of Electrons 


Appendix 
We wish to calculate 
S (sx Ta» — Se Tr») aS” (30) 
If we fix our attention on any point of the world line in the Lorentz frame in 
which the electron is instantaneously at rest, then a sphere about this point 
of radius e, taken at a time e later is a section of this tube. Denoting by dw 
an element of solid angle of this sphere, then, as has been shown in a previous 
paper (Bhabha, 1939) the surface element of the tube is given by 
dS” = {s” (1 — x’) — v” €} € dwdr, (31) 
which is of order <*. The retarded field given by (6) is of order e*. Thus 
no non-vanishing terms containing the ingoing field will occur in (30). 
Using (1) and (6), the first term of (30) becomes 
GC ret 


1 i gaat , a ret ” 
fo Sn {Fey By +b eye Foy Fr" | ase 


Vv 


2 — —_ ” a 
“ Is et ~9> ae ~ 2 a ~ ea dw dr 
7 l é é e) 


e sy ( : ’ ) 
-~ J iS (1 —«’) —v, €¢ dw dr. 
The terms symmetrical in A and » vanish, and (30) reduces to 
fry. — SM S, Up —Sp Uy 1» Sy Up — Spy) 

" ne aan imtboe A+ dw dr, 
= . me ” é? € eaten 


which may be evaluated as in the previous paper by using the relations* 
i Ss 
P ie we 
Ar / € ss ° 


1 s 
al os Avdw = —4A, +4, », AY, 


which hold for any arbitrary vector Ap which is not a function of position on 
the sphere. The result is given in the text by (18). 


Summary 


It is shown that when a point charge is present in an electromagnetic 
field, the conservation of energy and momentum does not in general lead to 
conservation of angular momentum for the system as a whole. The conser- 
vation laws impose stringent restrictions on the possible equations which 
may describe the motion of the point charge. Jf it is required that ligher 
derivatives of the velocity than the second should not appear explicitly in these 


* In the second and third of equations (58) of the previous paper, factors e¢7! 
and ¢~* respectively have been omitted on the right-hand side by mistake. 
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equations, then the choice is unique and the only possible equations are those 
originally derived by Lorentz. If the third derivative is allowed to appear 
explicitly in the equations, but not higher ones, then it is possible to 
give one other system of equations for describing the behaviour of a point 
singularity which can be used without entirely artificial initial and final 
conditions. 
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7. Introduction 


THE Raman spectrum of glycerine has formed the subject of several 
investigations. So far the best work has been that of Bar (1933) who reported 
14 frequencies, previous workers having found only seven. Bar worked 
with a sample of glycerine (d = 1-26) of about 97% purity as supplied by 
a Swiss firm. ‘The difficulty in getting a good picture with glycerine is the 
presence of fluorescence which the earlier workers were unable to eliminate. 
Whiting and Martin (1931) and Howden and Martin (1933) were unable to 
distil glycerine free from fluorescence. The latter therefore tried the method 
of fractional crystallisation, but were able to record only six lines, and the 
substance again became fluorescent after 24 hours exposure. In the present 
investigation it has been possible to distil glycerine in such a way as to avoid 
its developing fluorescence and thus to obtain a more complete Raman 
spectrum. ‘The polarisation of the lines has also been studied for the first 
time. Further, the effect of dilution with water upto 90% by volume has 
been investigated. 


2. Experimental Method and Results 


Commercial glycerine was first fractionated by vacuum distillation, 
and the middle fraction coming off at 140°C. at 10 mm. pressure was 
collected. In order to avoid bumping, an air-leak was used in the distilling 
flask. This prevents over-heating of glycerine, and thus avoids the produc- 
tion of fluorescence. For the same reason, a similar device had to be used 
in transferring glycerine to a Raman tube by vacuum distillation. To 
achieve this end, a capillary tube carrying a stop-cock at the upper end was 
inserted in a long-necked flask so as to reach the bottom of the flask, and 
was then fused to the neck of the flask. The Raman tube was then joined 
to a side tube in the neck of the flask. The stop-cock served to regulate the 
amount of air-leak necessary for uninterrupted distillation. Before finally 
sealing off, a slight warming was found to diminish the fluorescence. The 
Raman tube was double-walled, the outer jacket containing a saturated 

~ 333 


A2 F 








334 Bishambhar Dayal Saksena 


solution of sodium nitrite to cut off 4046 excitation which serves to reduce 
fluorescence still further. A Fuess glass spectrograph was used for the 
investigation. 

3. Results 


The results of the investigation are tabulated in the accompanying table 
and the state of polarisation is also indicated by letters P and D (P—polarised, 
D—depolarised). The spectrum of glycerine was recorded with and without 
a filter of NaNO,. The frequencies in column (3) are the mean of frequencies 
so obtained. The frequencies reported by Bar and other previous workers 
are recorded in columns (2) and (1). Seven new frequencies 1378, 1309, 1194, 
862, 434, 370, 328 have been recorded in the present investigation. Several 




















TABLE I 
© glvcerine | | 
Pure glycerine 80% 25% | State 
aE | 7 glycerine | glycerine | of polar-| Remarks 
aie Bar | Author solution solution | isation | 
-_ | 
er } 

3564 )| 3519 | 3631) | | O-H band with 
| $450 v ‘ , fl bf its centre at 
| (w. diff.) 3202 i 3200 J | 3138 J | 3380 cm.-} 

2920 | 2947 2955 2955 | 2957 } | 
(4) (st.br.) (12) br. (10) | (3) |) P } 
| 2945 | | 
(3) J 
Valence (C-H) 
2888 2880 2880 2918 } 
(st.v.br.) (12) br. (10) (3) | P jj 
2900 | 
(3) J 
1466 | 1471 1466 1462 1466 | D 5 (C-H) 
(3) (st.) (8) s. (8) (4) | 
d 1378 1383 | }| A band extend- 
| (0) (0) , ing over 150 
| cm.~! and con- 
Bie i 1309 1316 = .. J| taining — three 
(1) s. Ce) a maxima 
| 1242 1246 1251 1256 P 
(w.v.br.) (2) v.br. (2) (0) 
1194 1197 1197 P 
| (1) GQ) |  ) 
| 
| 1108 1112 1116 Mie ry ) 
|  (st.br.) (5) s. (4) (3) Three maxima 
in a_ broad 
1080 | “a 1085 1087 \ band. C—O fre- 
(4) (2) (2) | quencies 
| 1055 1048 1055 1055 a 
(st.br.) (8) v.br. (8) (5) 
| 
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TABLE—(conid.) 





Pure glycerine eee 
80 % 














| 
| 25% State 
: ] | glycerine | glycer ne | of polar- Remarks 
Previous | Bir Author solution | solution | isation 
workers | | 
977 975 972 975 D 
(w.) (2) 8. (2) (0) 
} 
923 919 | 919 920 = | 921 D 
1) (m.br.) (5) br. (5) (3) | 
862 860 860 P }| 
(2) s. (2 (0) | | 
841 850 847 850 848 P + | C-C frequencies 
(1) (st.) (6) (5) (4) | 
822 817 820 817 P j | 
(m.) (3) s. (3) (2) 
679 684 674 679 690 P Becomes more 
(0) (v.w.) (2 (1) (0) i as dilu- 
on increases 
553 546 552 555 
(v.w.) (1) di. (0) (0) 
485 497 489 4188 189 i 
(5) (st.) (6) br. (5) (4) | 
434 434 t| C-C-O deform- 
(4) 8. (4) | | ation frequen- 
Z ces 
427 419 420 420 P j| 
(m.) (3) br. (2) (0) | 
370 | 
(3) | 
328 330 
(1) (0) 
| 

















points of detail missed by previous workers have also been recorded. A 
band extending over 150 cm.—! exists in the region 1462-1300 and shows 
three maxima at 1401, 1378 and 1309. The first one may be (-1462. The 
frequency 2880 excited by 4046 falls on the line 1112 excited by 4358. 
This is evident on comparing the pictures taken with and without the sodium 
nitrite filter. According to Bar both the lines 1108 and 1055 are strong and 
broad but in the author’s picture the former is much weaker than 1055. 
This may be ascribed to the 4046 excitation having been effectively cut off. 
Secondly, the very broad line at 1080 reported by previous workers which 
has been recorded by Bar as doublet at 1108 and 1055 is seen here as a 
triplet 1112, 1087 and 1048, the line 1087 being rather weak. Columns (4) 
and (5) give the frequencies of glycerine in water solutions at 86% and 25% 
dilutions. Column (6) gives the state of polaristaion of lines in pure glycerine. 
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4. Interpretation of the Raman Lines in Glycerine 


The Raman lines in glycerine may be roughly divided into four classes— 
(1) C-C frequencies, the C-O frequencies, the C-H frequencies, and the de- 


} i Cc c ¢ O 
formation C-H and the deformation ; frequencies 
\Z \ eH 4 _- 


ethyl alcohol C,H;OH, the frequencies reported by Bolla (1934) are 433 (1), 
879 (6), 1049 (3), 1096 (3), 1274 (2), 1455 (5), 2929 (10), 2973 (6). Of these the 
first three have been considered by Van Vleck (1933) as the three fundamental 
modes of the bent triatomic molecular groups CH;, CH,, OH. Bonner (1937) 
however considers the frequency 1096 as one of the three instead of 1049. 
As there are three carbon atoms linked together in glycerine the frequencies 
in the region 919-822, 7.e., 919, 862, 847, 822 may be taken as C-C frequencies 
corresponding to the line 879 (C-C frequency) in ethyl alcohol. The C-0 
frequencies come in the region 1049-1096 in ethyl alcohol ; in glycerine they 
fall in nearly the same region 1048-1112. The two very broad and strong 
lines at 2955 and 2880 are the valence C-H frequencies which are polarised 
and the line 1462 is the 6 (C-H) frequency which is depolarised. ‘The lines 
1378 and 1309 appear to be the (C-H) deformation frequencies arising out 
of the coupling of the two CH, groups. The term 6 (C-H) implies that the 
hydrogens are moving in the plane of the CH, group at right angles to the 
valence bonds and Kohlrausch has used another term y (C-H) in which the 
hydrogens are supposed to move out of the plane of the CH, group. But the 
motions of hydrogen atoms in any deformation oscillation are governed by 
molecular symmetry, and may be in any direction. When two CH, groups 
are vibrating together, these motions will naturally get coupled, and it may 
be that the strong frequency 1462 represents the 6 (C-H) oscillation of the 
two CH, groups having like motions and in the same phase and the weaker 
lines 1378 and 1309 with their motions in different phases. In -Butane 
CH,:CH,-CH,-CH,; which contains two CH, groups, two lines 1445 and 1302 
have been observed by Ananthakrishnan (1937) which are both depolarised. 


Considering the molecule as a system of triatomic units containing CH,, 
CH and OH groups, it can be seen by analogy with the case of ethyl alcohol 
where 433 represents the deformation oscillation of the groups CH;, CH,, 
OH, that the strong line 497 in glycerine represents the deformation oscilla- 
tion of the CH,, CH, OH groups having their motions alike in different units, 
whereas the weaker lines 553, 434, 419, 370, 328 arise out of the coupling 
of the deformation motions of CH,, CH, OH groups in different phases. 


Most of the lines in glycerine are polarised. ‘This is consistent with the 
view that the molecule has no element of symmetry. 
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The OH band in glycerine extends from 3200 cm.- to 3564, the centre 
of the band being at 3380. The OH frequencies in alcohols containing 
different numbers of OH groups is given below : 


No. of OH Groups Frequency O-H 


Methyl alcohol 1 3430 

Ethv1 alcohol . 1 3240, 3359 

Glycol (Ananthakrishnan) 2 3250—3550 (Centre 
3400) 

Glycerine (Author) 3 3200—3564 (Centre 
3380) 

Pentaerythritol a 4 3252—3335—3422 


(Nayar, P. G. N.) 
The centre of the O-H band in all these alcohols falls in the neighbourhood 
of 3400 cm.~?, and so the displacement of the centre of the band from the 
free hydroxyl frequency is nearly the same in all the cases. This lowering 
isindicative of the fact that molecules are linked together by inter- or intra- 
molecular linkages involving hydrogen bands. 


5. Effect of Dilution 


The effect of hydrogen bonding is to create polymers in a liquid. The 
greater the number of hydroxyl groups present in the molecule, the larger 
will be the size of the polymer and the greater the degree of association. 
According to Eyring (1936) the high viscosity results from the presence of 
structures of such large size. In alcohols the association is supposed to take 

R R R 


| 
the form of a chain structure ee ee The vibration 
of a large polymer will involve modes arising because of the association of 
one molecule with another ; and, as Cross and others (1937) have suggested, 
the normal frequencies may also get broadened on account of the perturb- 
ation caused by hydrogen bonding. On dilution the association breaks down 
and as a result some frequencies may be expected to get weakened or modi- 
fied with dilution. ‘These frequencies may be attributed to some sort of 
intramolecular vibration brought about by hydrogen bonding. In acetic 
acid, Leitmann and Ukholin (1934) report a line at 623 which weakens 
considerably on dilution. In glycerine the line 674 shows a similar behaviour. 
The line gets weaker and diffuse on dilution and the frequency shift increases 
by 15 cm! at 25% dilution. The line is weak and so the shift is not clear 
from the pictures reproduced in Plate XVIII. The microphotometer curve 
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reproduced in Fig. 1 shows the shift definitely. The spectrum of 10% dilu- 
tion has not been recorded in the table. There is no change except that 
the line 674 becomes diffuse and almost disappears. ‘The C-H vibration 
also shows a splitting at higher dilutions. Most of the other lines in glycerine 
show no change in their width even up to a dilution of 10%. This is in agree- 
ment with the observations of Bar who studied a 80% solution of glycerine 
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Microphotometer records showing the shift of the line 674 on dilution— 
(a) pure glycerine, (6) 25 c.c. of glycerine in 100 c.c, of water 


in water. An interesting feature of the glycerine spectrum appears to be 
that in spite of a very high degree of association (glycerine is considered 
to be hexa-co-ordinated), some lines are remarkably sharp. It is known 
however from the work of Weiler (1932) and Venkateswaran (1938) that 
some organic glasses especially those of styrol and salol give sharp lines as 
well. 

6. Rayleigh Scattering and Continuous Spectrum 


It is now a well-established fact that the spectrum of monochromatic 
light scattered by a liquid includes not only discrete lines but in many cases 
also a continuous spectrum accompanying the undisplaced line and extend- 
ing on either side of it and depolarised to the maximum extent (6/7 with 
incident light unpolarised). Raman and Bhagavantam (1931) first suggested 
a method of measuring the depolarisation of the scattered light spectroscopi- 
cally with a slit of variable width. Using a very wide slit, its image which 
records the scattering of undisplaced wave-length would include also the 
adjacent continuous spectrum and would therefore exhibit a depolarisation 
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greater than that of the undisplaced line. As the slit is narrowed down, less 
and less of the continuous spectrum is included, and the depolarisation of 
the scattering as measured will therefore appear to diminish, until finally 
with very narrow slits it will reach a limiting value corresponding to the 
depolarisation of the scattering of undisplaced wave-length. In a recent 
paper, the author (1938) has critically examined the earlier work on the 
subject and shown that the difference between the wide and narrow slit 
values for a liquid varies greatly with the liquid studied and tends to become 
small for liquids which are highly associated and viscous. In particular, for 
glycerine the difference was almost inappreciable, the depolarisation ratios 
for a wide slit and for a narrow slit (10 ») being 0-33 and 0-30 respectively. 
This result was interpreted to mean that in glycerine the continuous spectrum 
is very feeble relatively to the Rayleigh or unmodified scattering. This is 
clearly seen from the spectrum taken with slit-width 2 of the Fuess glass 
spectrograph, and reproduced as Fig. (d) in the accompanying plate. All 
the strong Raman lines are present in the picture but the continuous spectrum 
is not observable. A weak picture was taken to avoid the halation of the 
photographic plate by over-exposure. As the continuous spectrum is suppos- 
ed to arise from the hindered rotation of molecules, it follows that in glycerine 
the molecules are almost rigidly held by their neighbours. 


In conclusion, the author’s thanks are due to Professor Sir C. V. Raman 
for his kind interest in the work. 


7. Summary 


Using an improved method of distillation it has been possible to get a 
sample of glycerine comparatively free from fluorescence, which was further 
reduced on cutting off the 4046 excitation with a filter of sodium nitrite. 
The Raman spectrum of the purified material showed 21 lines and an O-H 
band. The lines are 2955 (12) v. br., 2880 (12) b7., 1466 (8) s., 1378* (0), 1309* (1) s., 
1246 (2) v. br., 1194* (1), 1112 (5) s., 1085* (2), 1048 (8) v. br., 975 (2) s., 919 (5) br., 
862* (2) s., 847 (6), 817 (3) s., 674 (2), 546 (1) di., 489 (6) br., 434 (3) s., 419 (3) br., 
370* (4), 328* (1) and the O-H band extends from 3200-3564. The frequencies 
marked with a cross have been observed for the first time. The polarisation 
of the lines has also been investigated for the first time—there are 12 polar- 
ised and 3 depolarised lines in the spectrum. A general assignmert of 
frequencies as C-C, C-O, C-H, 5 (C-H) and the deformation C-C-O oscillations 
has been made. ‘The effect of dilution of glycerine in water has been investi- 
gated upto a dilution of 10 c.c. of glycerine in 100 c.c. of water. The line 
674 becomes more diffuse as dilution progresses, and increases in frequency 
by 15 cm.-! at 25% dilution. The v (C-H) frequencies also show a splitting 
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at higher dilutions. The continuous spectrum accompanying the Rayleigh 
line in liquids is unobservable in glycerine although the strong Raman lines 
are recorded in the picture. This is in agreement with the result reported 
by the author in a previous paper that the depolarisation of the scattering in 
glycerine measured spectroscopically is not greatly diminished when the 
slit-width used is reduced to the minimum. 
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ON THE IRRATIONALITY OF A CERTAIN DECIMAL 


BY T. VIJAYARAGHAVAN 
Received October 10, 1939 


HIS note contains a simple proof of the following known ‘Theorem. 
I 


Tee: «SSO E Ee ee kaks-hindbdeddossaeacencaebewes 
Where the sequence of digits is formed by the primes in ascending order, is 
irrational, 

This is theorem 138 (p. 112) of The Theorey of Numbers by Hardy and 
Wright, and two proofs are given in the book. One of the proofs depends on 
a special (and easier) case of Dirichlet’s Theorem on primes in arithmetical 
progressions, and the other on a corollary of Tehebecheff’s theorem that 

-\ ~Z x ~ 
w (x) x log x 
The proof given below uses the easier result that 
a Ss oo 
p 


where the #’s run through prime numbers. 


It suffices to prove that the decimal in question is not a recurring one. 
Suppose that, on the contrary, the decimal is a recurring one and that the 
number of digits in the recurring part is &. It then follows that for every 


s the number of primes with s digits does not exceed K.* Hence 
1 eo K 
2:5 4 <©o, 


o” =. = 
a contradiction. 


The proof does not make use of the full force of the hypothesis and, in 
particular, it makes no use of the supposition that the sequence of digits is 
formed by primes in ascending order. 


*K =k-+1 where / is the number of digits in the non-recurring part of the 
decimal. 
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ON PONCELOT POLYGONS 


By F. C. AuLucK 
(Dyal Singh College, Lahore) 
Received April 24, 1939 


(Communicated by Dr. 8S. Chowla) 


1. ‘THE condition which is necessary for an infinity of n-sided polygons to 
be inscribed in one conic and circumscribed about another has been investi- 
gated by many writers like Cayley, Steiner, Chaundy and others. If the 
two conics are circles, the condition can be expressed in terms of the radii 
of the two circles and the distance between their centres. By the help of 
elliptic functions, Chaundy* has obtained forms for various particular cases, 
In this paper, I obtain the corresponding relations for a pentagon anda 
hexagon by elementary methods. 
2. Consider a hexagon ABCDEF inscribed in a circle C,, with radius R 
and centre O, and circumscribed about a circle C, with radius r and centre I. 
If A is an extremity of the common diameter OI, F and E are the reflections 
of B and C in OI and D is the other extremity of OI. Let the angles A and 
D be 2a and 28 respectively and d the distance OI. Then 
AB = 2R cosa =r (cot « + tan *) 


BC = —2Rcos (a + 8) =7 (tan 5 + tan *) 


CD =2RcosB =7 (cot B + tan o): 
It follows that 


cos a _ —cos(a + B) _ cos B 
a 
cot a + tan B tan 5 + tan? cot 8 + tan Ms 


and therefore cos a + cos 8 = 1. 


S ; r r 
As sin a and sin B have the values and ~———— 
Prete B ae R+d 


‘ Yr 2 co y 2 
as 7 a ae | 
/ (qa) taf (e2) 
which is the condition for a hexagon. 


* Proc. Lond. Math. Soc., 22 (2nd Series), 104-23. 
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3. ABCDE is a pentagon inscribed in C, and circumscribed about Cy. 
If A is an extremity of the diameter OI, CD touches the circle C, at a point 
where OI meets it. Assuming that the angles at A, B, C are 2a, 28, 2 


respectively, we have 


7 
a+28+2y+5 =22 
: y 
sna = 

R —d 

tan B co : 

d cosa = 

: R-dé 


’ 
V/ R2 — (ry — a)? 





wy = 


Eliminating a, 8, y from these equations we get the relation 
(R +r —d) {w® +2Rrut + 4R7* (27 — R) # — 8*R¥} = 0, 


where uw? = R? — @?. 


R + Y — ad = Q if -~C =F? = = = B 
which corresponds to a degenerate case. The second factor equated to zero 
gives a complete condition for a pentagon. 
It is a pleasure to record my thanks to the referee for his helpful sug- 
gestions. 








ADSORPTION OF NAPHTHOLS IN THE PRESENCE 
OF DIFFERENT ELECTROLYTES AND PEPTISING 
AGENTS AND AT DIFFERENT TEMPERATURES 


By J. A. NaBar, P. M. Barve, A. M. PATEL AND B. N. DESAI 
(From the Physical Chemistry Laboratory, Wilson College, Bombay 7) 


Received August 24, 1939 


IN spite of considerable experimental work which has been done to under- 
stand the mechanism of dyeing, we are still uncertain about the same. The 
main cause of this is that the different dyestuffs and fibres have widely 
different physical and chemical properties. One should therefore limit the 
application of one’s results to only a particular class of dyestuffs and fibre 
for a proper understanding of the mechanism of dyeing. The present work 
was undertaken with an idea to study the colloidal nature of the dyestuffs 
of the Naphthol AS series and the process of dyeing cotton fabric with those 
dyes by estimating adsorption of the dyes by cotton cloth in the presence of 
alcohol, sodium hydroxide, sodium chloride, sodium sulphate, sodium phos- 
phate, soap, agar-agar and gum tragacanth and at different temperatures. 
Experimental 

Purification of the dyes —The Naphthols are the aryl amine derivatives 
of B-hydroxy Naphtholic acid. Five Naphthol AS series dyes of varying 
substantivity were selected for the work. Arranged in the increasing order 
of substantivity,! they are (1) Naphthol AS-G, (2) Naphthol AS, (3) Naphthol 
AS-TR, (4) Naphthol AS-BO, and (5) Naphthol AS-SW. The dyes kept on the 
market by I. G. Farbenindustrie were purified in the manner given below :— 

Water-soluble impurities were first removed by stirring the dye in boil- 
ing distilled water for a few minutes in a boiling water-bath and filtering 
while hot. The filtrate, which was deep brown in colour and smelling of 
phenol, gave a reddish substance on evaporation, which gave violet colora- 
tion with ferric chloride and white precipitate with silver nitrate solution, 
thus showing the presence of substances of phenolic character. This process 
of removing water-soluble impurities was repeated till the filtrate was colour- 
less and gave no reaction with ferric chloride or silver nitrate, and had the 
same conductivity as that of distilled water. The dye was then dried on a 
steam-bath at 100°C. for several hours and the last traces of water were 
removed by further heating in a hot air oven at about 105°C. till its weight 
remained constant. It was then stocked in air-tight glass stoppered bottles. 
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In order to see if any further impurities were left in the dye purified 
in the above manner, a further test of purification was made. Some of the 
purified dye was pasted up with absolute alcohol and sodium hydroxide was 
added and the mixture stirred. The solution was filtered and the filtrate 
treated with hydrochloric acid in excess to precipitate the original dye. This 
was filtered and washed free from chloride and dried as before. ‘Two solu- 
tions of the same concentration were prepared from the two samples of the 
same dye in two stages of purification. 5 c.c. of each solution were treated 
with the same amount of developer solution (Trivasol Red TR—it is a hydro- 
chloride of 5-chloro-O-toluidine diazotized and stabilized) and the dye so 
produced dried on a water-bath. It was then dissolved in the same volume 
of chloroform and the two solutions thus obtained were compared by means 
of a colorimeter. They were found to be quite identical. The second stage 
of purification was thus found to be unnecessary. 

Cloth used for dyeing.—The adsorbing material used was the thin cotton 
cloth ‘ Malmal’ No. 3948 manufactured by the Finlay Mills, Ltd., Bombay. 
The cloth was cut into small pieces, each six inches square and weighing 
0-8 to 0-1 gm. One such piece was used for each adsorption reading. 
Starches and pectinous matter in the form of sizing material contained in 
the cloth as available in the market were removed before using the cloth 
for dyeing by treating it in the following manner :— 

The pieces of cloth were first boiled with N/20 solution of sodium 
hydroxide and washed with water till completely free from alkali. They 
were then boiled with a 0-2% soap solution and washed with water till free 
from soap. Afterwards they were squeezed out and dried in air at room tem- 
perature for several hours. The pieces were then folded and further dried 
in a hot air oven at about 105° C. and stocked in a desiccator over anhydrous 
granular calcium chloride for a day or two until their weight was constant 
(complete dehydration). 

Preparation and estimation of the dye in solution.—The dye solutions 
were prepared by the ‘ hot’ process as the solutions so prepared could be 
employed conveniently for adsorption at any temperature between 0° C. 
and the temperature at the boil. A 10% solution of sunlight soap was used 
as a protective colloid. The proportions of the dye, protective colloid (10% 
soap solution), sodium hydroxide and formaldehyde used for the preparation 
of the various dye solutions were the same as those recommended by I. G. 
Farbenindustrie in their recipes. Formaldehyde was not added in the case 
of Naphthol AS-G as it destroys the dyeing power of the dye. 

Several methods were tried for the estimation of the concentration of 
the Naphthol dye solutions prepared as above. The method devised by 





346 J. A. Nabar and others 


E. Jungmichl and D. Kimovec? was found to be the most suitable and 
convenient from all points of view. Various experiments were tried to find 
out a suitable dye salt (developing salt) which could be used tor the estima- 
tions by this method. ‘Trivasol Red TR was found to be the most suitable 
from the point of view of stability of the solution and sharply defined end 
point. 0-5% solution of this developer salt was used and every time a fresh 
solution was prepared as soon as the one prepared previously was 4 hours 
old. Actual experiments showed that after 8 hours of the preparation of 
the solution of the developer salt Trivasol Red TR, there could be an error 
only of 0-5% in determining the end point with its help. Finally worked 
out the method of estimation of the dye in solutions is as follows :— 

10 c.c. of a 0-5% solution of Trivasol Red TR are taken in a beaker 
and titrated against the solution, the concentration of dye in which is to be 
determined, using a 2% Naphthol AS solution as an external indicator. The 
solution of the dye is allowed to run from a burette into the beaker con- 
taining the developer salt solution continuously till near the end of the 
reaction (determined previously by a preliminary titration) and drop by drop 
thereafter until the red coloration does not appear any more at the point 
where the two drops (one of the mixture in the beaker and the other of the 
2% Naphthol AS solution used as external indicator) run together. Repeat- 
ing the experiment with a solution of a known concentration, the concen- 
tration of the dye left in the solution, after the cloth is allowed to adsorb 
the dye under the conditions of the experiment, was calculated. It may 
be mentioned that some sodium chloride was added to the developer salt 
solution in order to quicken the coupling reaction. 


Method of studying adsorption of the dyes by the cloth— Malmal’ 
No. 3948 (Finlay).—The dye solutions were prepared by the ‘ hot ’ process as 
meitioned above. If the adsorption was to be studied at a particular con- 
centration of the dye, a solution of higher concentration (generally double 
the required concentration) was prepared. A definite volume of this solu- 
tion was taken in measuring cylinders, varying amounts of absolute alcohol 
or sodium hydroxide, sodium chloride, sodium sulphate or sodium phosphate 
and soap, agar-agar or gum tragacanth were added as necessary to these 
cylinders in increasing amounts and the volume made up to 25 c.c. with 
distilled water so that requisite strength of the dye was reached in each case. 
The pieces of ‘Malmal’ cloth mentioned above were accurately weighed. 
Since the amount of the dye adsorbed depends on the proportion of the 
amount of the material (cotton cloth) to that of the dye solution, the pro- 
portions were so adjusted that the volume of the dye solution measured in 
c.c. was twenty times the weight of the material measured in grams. ‘The 








vol 
be 

as 

30° 
we 
pie 
thi 
th 
tre 


in 
fo 








Adsorption of Naphthols in Presence of Different Electrolytes 347 


volume of the dye solution proportional to the amount of the material to 
be immersed was measured out into hard glass test tubes which were used 
as dyeing vessels. The tubes were kept in a water-bath at temperature of 
30°C. till they attained the temperature of the bath and the cloth pieces 
were then immersed in the dye-baths noting the time of immersing. The 
pieces of cloth were kept immersed in the dye-bath for exactly two hours at 
the end of which they were taken out, squeezed by hand and subsequently 
thoroughly dried by pressing between filter papers. Each piece was then 
treated with 25 c.c. of a 0-5% solution (excess) of the developer salt— 
Trivasol Red TR. A measured volume of this developer solution was taken 
ina beaker and titrated against a 0-05% solution of the same dye as used 
for dyeing, using a 2% Naphthol AS solution as an external indicator. 

The endpoint was noted as mentioned before. From this titration the 
volume of the 0.05% of the dye solution equivalent to 25 c.c. of the developer 
solution used, after developing the dye adsorbed, was calculated. A blank 
titration was carried out using 5 c.c. of the same developer solution against 
the same dye solution using the same indicator and in the same manner 
(but without developing any adsorbed dye previously) for calculating the 
volume of a 0-05% dye solution equivalent to 25 c.c. of the developer 
solution. The difference between the blank titration and the first titration 
thus gave the amount of the dye adsorbed by the corresponding amount 
of the cloth in terms of c.c. of a 0-05% dye solution. From this the amount 
of the dye in grams that would be adsorbed by one kilogram of the cloth 
in presence or absence of the added substances, mentioned above, was 
calculated in each case. 

The electrolytes used were Merck’s extra pure products. 

The ‘ Sunlight’ soap was used in the experiments. The cake was cut 
into thin chips, which were dried in a hot air oven at 100°C. till their 
weight remained constant. Fresh solution of soap so dreid was prepared 
every time before the experiment. 

Agar-agar manufactured by Merck and specified ‘ extra pure’ and free 
from moisture was used. A weighed amount of this substance was stirred with 
distilled water and kept for 24 hours. It was then diluted to the required 
volume and hydrolysed by keeping in a boiling water-bath for one hour and 
then cooled to 30° C. A fresh solution was prepared in this manner every time. 

Ordinary commercial sample of gum tragacanth was used. It was finely 
powdered, sieved through a fine cloth and kept in a dry place. Necessary 
solutions for experiments were prepared from this powder each time exactly 
in the same manner as in the case of agar-agar. 
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For experiments at different temperatures, the test tubes contain- 
ing the dye solutions were kept in a water-bath, the temperature of 
which was regulated by means of a thermo-regulator. In the case of higher 
temperatures the volume of the dye solution in the test tubes was kept 
constant by adding requisite amounts of distilled water from time to time 
to make up for the loss of water due to evaporation. The adsorption 
experiments were performed in the same manner as before, the time for 
which the cloth was kept immersed in the dye bath being however different 
in each case. 

Results and Discussion 

A. Effect of alcohol and sodium hydroxide on the adsorption of Naphthols 
by cotton fibre—A typical set of results with Naphthol AS-TR in the case 
of alcohol and Naphthol AS in the case of sodium hydroxide is given in 
Figs. 1 and 2 respectively. 
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It has been observed that the adsorption of the dye decreases with 
increasing amounts of alcohol in the dye-bath (Fig. 1). Alcohol serves to 
clear the solution of the dye of its turbidity. This is probably due to its 
increasing the degree of dispersion of the dye micelle. If the degree of dis- 
persion of the dye micelles increases, the adsorption of the dye by cotton 
fibre will decrease as the dye particles can come out of the pores of the fibre 
more easily than when they are large (cf. Acharya, Patel and Desai).2 The 
adsorption of the dye should therefore decrease with the increasing amounts 
of alcohols in the dye-bath. Further as a result of increase in the degree 
of dispersion of the dye micelle, the adsorption of sodium hydroxide by 
the dye particles will increase. If OH’ ions are preferentially adsorbed 
to Na’ ions, the charge on the particles will increase and this will prevent 
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coalescence or the formation of bigger micelles, thus decreasing adsorption 
of the dye. 

The effect of addition of sodium hydroxide is invariably to increase the 
adsorption of the dye at first (Fig. 2) ; with increasing amounts of the alkali, 
the adsorption reaches a maximum, and any further addition of the alkali 
thereafter results in decreasing the adsorption of the dye. Similar results 
have been obtained with all the Naphthol dyes tried. The final decrease in 
adsorption however is particularly more marked in the use of highly concen- 
trated dye solutions and of dyes of higher substantivity. When this effect 
of sodium hydroxide is compared with that of alcohol, it is clear that the 
two substances affect the dye particles differently. It is recognised that the 
dyes exist in the form of colloidal electrolytes having negatively charged 
ionic micelles. We know that on adding small increasing amounts of the 
electrolytes having univalent coagulating ions to colloidal solutions the charge 
on the particles first increases due to preferential adsorption of similarly 
charged ions and then decreases due to preferential adsorption of the oppo- 
sitely charged ions.® If the initial increase in charge on the particles means 
increase in the degree of dispersion of the dye micelles, one would expect 
adsorption to decrease in the beginning. The adsorption has however not 
decreased in the beginning in the present case. This would mean that the 
size of the dye micelles has continuously increased. If the size of the dye 
particles continuously increases on adding increasing amounts of NaOH, the 
adsorption of dye by cotton fibre would increase upto a certain stage and 
decrease thereafter as soon as the size of the dye particles becomes so large 
that they are bigger than the pores of the fibre ; once the particles become 
larger than the pores of the fibre, they cannot be adsorbed, and the adsorp- 
tion will decrease with any further addition of alkali. The particles which 
are bigger than the pores of the fibre will either be adsorbed on the fibre 
(these can be washed out or detach as scales on drying) or remain in the 
dye-bath. 

B. Effect of sodium chloride, sodium sulphate and sodium phosphate 
on the adsorption of Naphthols by cotton fibre.—It will be seen from 
Table I that with all the dyestuffs tried the adsorption of the dye by cotton 
in the absence of salts increases with concentration of the dye solution. This 
is to be expected according to adsorption equation of Freundlich. 


As regards the influence of the salts on adsorption it is found that 
generally on adding small increasing amounts of the same, there is first an 
increase in adsorption followed by a decrease (Figs. 3, 4 & 5). It is necessary 
that adsorption experiments are tried with smallest amounts of salts 
possible in order to get initial increase in adsorption. ‘The final decrease 
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in adsorption may not be noticed in some cases due to impossibility of 
adding very large amounts of salts on account of their solubility limit. 


Many other investigators have also observed in agreement with our 
results that in the presence of small amounts of electrolytes the adsorption 
of dye increases. The increase has been explained on the basis that dyes 
exist in solution in colloidal condition. The present adsorption results can 
be explained in the same manner as those obtained with sodium hydroxide 
and discussed in the previous section. 


C. Effect of soap, gum tragacanth and agar-agar on the adsorption of 
Naphthols by cotton fibre.—A typical set of results is given in Figs. 6, 7 and 8. 
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It is found that for all the dyestuffs investigated, the adsorption of the 
dye by cotton fibre in the presence of soap solution first increases, reaches 
a maximum and then decreases (Fig. 6). These results are similar to those 
obtained with sodium hydroxide and salts. If we look at the chemistry of 
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soap solution, we find that it is a sodium salt of some fatty acid. It is 
known that soap solutions are hydrolysed in dilute solutions giving rise to 
sodium hydroxide and the fatty acid. In dilute solutions the concentra- 
tion of sodium hydroxide will increase upto a certain stage and the increase 
in adsorption of dye by fibre can be explained in the same manner as in the 
case of sodium hydroxide in section A. In concentrated soap solutions the 
fatty acid molecules will aggregate to form —vely charged colloidal particles. 
If these colloidal aggregates form film round the dye particles, they will 
prevent coalescence of the latter to form larger particles which may be re- 
tained by fibre on squeezing the cloth; the dye particles thus remaining 
small, the adsorption will be small. With increasing amounts of soap the 
adsorption will decrease. The final decrease in adsorption is considered to 
be mostly due to this effect. 


In the case of gum tragacanth (Fig. 7) and agar-agar (Fig. 8), it is found 
that the adsorption continuously decreases on adding increasing amounts of 
these substances. ‘These substances are protective colloids and they will 
surround the dye particles in the same manner as the colloidal aggregates 
in soap solutions. The adsorption of the dye will thus decrease with an 
increase in their concentration. 


It is thus clear that although the presence of soap may upto its certain 
concentration limit help to clear the dye-bath by increasing adsorption, 
large quantitites of soap and of protective colloids in any amounts will 
decrease the adsorption of dye instead of increasing it. 


D. Effect of temperature on the rate of adsorption of Naphthols by cotton 
fibve—It has been observed for all the Naphthol dyes studied in this in- 
vestigation that the amount of the dye adsoibed increases at first with the 
increase of time interval for which the adsoiption is to take place, reaches 
a maximum value and finally becomes constant. ‘The time for the attain- 
ment of equilibrium, 7.e., the time corresponding to the maximum adsorp- 
tion, decreases as the temperature increases and at the ‘boil’ the equilibrium 
is attained very quickly or almost instantaneously (see Fig. 9 for example). 


We have noticed that at a particular temperature the time required for 
the attainment of equilibrium is maximum with Naphthol AS-SW and mini- 
mum with Naphthol AS-G. In general the effect of temperature on the rate 
of adsorption seems to be more marked in the case of dyes of higher substan- 
tivity. 


It is observed that the equilibrium adsorption increases with the rise of 
temperature (Fig. 10). The rate of increase, however, decreases with increase 
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of temperature. ‘The effect of temperature is thus more marked with all 
the Naphthol studied at lower than at higher temperatures. 

The attainment of equilibrium very quickly or instantaneously at the 
‘boil’ is probably connected with the marked decrease in colloidality of the 
dye micelles, 7.e., increase in the degree of dispersion, and the increase in the 
size of the pores of the fibre at that temperature.’ The increase in the 
number of collisions between the different micelles and the fibre with increas- 
ing temperature would also slightly decrease the time of the attainment of 
equilibrium at the ‘ boil’. The increase in the adsorption with the rise of 
temperature might probably be due to one or more of the following 
reasons :— 

(a) If the size of the pores of the fibre through which the dye particles 
are adsorbed increases as a result of rise of temperature, the adsorption of 
the dye will increase due to relatively larger dye particles being adsorbed. 
As soon as the temperature is brought down, the size of the pores will again 
decrease and the large dye particles already adsorbed will not be squeezed 
out due to their then being larger than the pore size. 

(b) Asa result of the rise of temperature it is likely that the dye particles 
may be broken up in smaller units. This will mean that the dye particles 
which were large enough not to be adsorbed at low temperatures will be 
adsorbed at high temperatures and the adsorption will increase. 

(c) The protective power of the substances which are present in the dye- 
bath may be more marked at higher than at lower temperatures. This will 
mean that the dye particles will not become so large at high temperatures 
due to aggregation as thcy would do at low temperatures, and consequently 
the adsorption will increase as in (0). 

The processes (a) and (b) referred to above, 7.¢., the increase in the size 
of the pores of the fibre and the decrease in the size of the particles with 
increase in temperature, cannot go on indefinitely, and therefore effect for 
a particular increase of temperature should be more marked at lower than 
at higher temperatures. 

Summary and Conclusions 

Adsorption of some dyestufis of the Naphthol AS series by cotton fibre 
has been studied in the presence of alcohol, sodium hydroxide, sodium 
chloride, sodium sulphate, sodium phosphate, soap, gum tragacanth and 
agar-agar aud at different temperatures to understand the mechanism of 
the process of dyeing. 

It is observed that adsorption of the dyestuffs decreases with increasing 
amounts of alcohol, gum tragacanth and agar-agar, while it first increases, 
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reaches a maximum and then decreases on adding increasing amounts of 
sodium hydroxide, sodium chloride, sodium sulphate, sodium phosphate and 
soap solutions. Regarding the effect of temperature on adsorption, it is 
found that (1) the rate of adsorption is greater at higher than at lower tem- 
peratures, (2) the equilibrium adsorption increases with the rise of tempera- 
ture, and (3) the amount of increase of adsorption for a particular range of 
temperature is greater at lower than at higher temperatures. 

The results obtained become easily intelligible if it is assumed that the 
dye particles exist in colloidal condition and the process of dyeing is inter- 
preted from that point of view. 
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THE present communication is a continuation of Parts XII and XV of this 
series and consists in the determination of the optical rotatory dispersion of 
the condensation products of oxymethylenecamphors with bromanilines 
(o,m, P) and iodoanilines (m,~). The measurements are made in six 
solvents as before. 

m-Bromanilinomethylenecamphors (d and /) exist in two dimorphous 
forms. ‘The higher melting point form is obtained when the condensation 
product of the corresponding oxymethylenecamphor with m-bromaniline 
is crystallised out of methyl alcohol very slowly and without disturbing. 
The lower melting point form is obtained when the condensation product 
or the higher melting point form is crystallised out of methyl alcohol rapidly 
with scratching. Both the forms are interconvertible and the rotatory 
dispersions are identical which characterise them as dimorphous.! Other 
examples of this class of compounds are o-iodophenyliminocamphor? and 
a-naphthylaminoethylenecamphors.*® m-Bromanilinomethylene-d/-camphor 
could however be isolated only in one form. 


o-Iodoanilinomethylenecamphor could not be isolated as the condensed 
product came out as an oil and refused to solidify. 2:4: 6 Tribromaniline 
did not condense with oxymethylenecamphors. This may be due to the 
steric hindrance brought about by two bromine atoms in the ortho position 
to the amino group. 

(i) The Effect of Chemical Constitution and (ii) Nature of Solvent on the 
Rotatory Power.—(t) Since polar effect of a substituent group is traceable in 





1 Singh, J. Indian Chem. Soc., 1929, 6, 1007. 
2 Singh, Mallik and Bhaduri, tbid., 1931, 8, 95. 


3 Singh, Bhaduri and Barat, ibid., 1931, 8, 345. 
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TABLE A 
| Cp 
Structural formule , _— 
| MeOH | EtOH | Acotone|Pyridine| rae Benzene 
—— So pecan WeeR eee ae ete ane Be 
; ae ie - a le | | 
( *NH-- 480 -0 451-3 448 -9° | 433-2° | 424-6° | 367-1° 
"C.H rd — | a 
‘ KK | | 
CoO - | 
Cc as he | 154 -4 439-9 442-3 405 °8 384-8 | 352-6 
*C.H é “endl, | 
$ rr. CH; | } | | 
co | 
aed | 
C=cH-NH-¢ — | 465-0 440-8 425-8 401-6 401-6 | 355-4 
*C ne | ee | | 
CO | 
C= NH-~ ™y | 400-2 | 405-8 | 380-0 | 391-3 | 386-0 | 364-7 
Oe oe al | 
ee | Cl | 
Co eR 
ances K \ | 388-5 384-7 388 -0 374+4 381-4 363 -6 
CO 
c=C ne .e | 417-7 406 -3 401-8 394-4 374-6 359 +4 
tes C | ei” | 
8 os ©. 
co | 
cacn-aE-S S | 347-5 | 339-9 | 330-1 | 328-4 | 329-0 | 314-3 
CoH k | ial 
° ae, br | 
co i | 
C=CH-NH—< 354-0 348 -4 334-3 324 +1 279-3 
C Hie | hg 
r 
CO 
c=cu-NH-¢ his 361-1 355 -6 360 -6 348 -8 324-3 291-9 
8 
co 
cuttintinell...% 328-5 319-5 309 -7 294-8 279-1 251-1 
C.H < | ko 
° an I 
co 
C=cH-NH-C >—I 338-1 325-9 326 -5 318-4 300 -0 258 -6 
re of | i 
siy4 
Co 


























* Singh, Bhaduri and Barat, J. Indian Chem. Soc., 1931, 8, 345. 
f Singh and Bhaduri, Proc. Ind, Acad, Sci., (A), 1937, 6, 340, 
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optical activity* we should expect that the substitution of a negative group 
such as Br or I in anilinomethylenecamphor will reduce the rotation of the 
parent compound ; and further the rotation of bromo-, and iodo-, anilino- 
methylenecamphors must be lower than that of chloranilinomethylene- 
camphor. Experimentally we get the following sequence H > CH, > 
Cl > Br >I, in all the six solvents and for different position isomerides 
(Table A) which agrees with that of polar series H, CH;, I, Br, Cl; the 
positions of chlorine and iodine being however, interchanged. A similar 
sequence is obtained with B-octyl esters of mono-substituted acetic acids 
in homogeneous state as well as in solutions® and with f-octyl esters of ortho- 
substituted benzoic acids® ; the position of Br and Cl being inverted in the 
latter case. 


(77) It is found that the order of decreasing rotatory power is methyl 
alcohol > ethyl alcohol > acetone > pyridine > chloroform > benzene 
except for o-bromanilinomethylenecamphor the positions of chloroform, 
and pyridine are interchanged; and also for -bromanilinomethylene- 
camphor the positions of ethyl alcohol and chloroform are interchanged 
(Table A). The sequence of the dielectric constants is also the same, viz., 
methyl alcohol > ethyl alcohol > acetone > pyridine > chloroform > 
benzene. 

Position Isomerides and Rotatory Power.—The sequence of the rotatory 
power of the position isomerides of bromanilinomethylenecamphor is 
u> p> m> oO, in ethyl alcohol, acetone and pyridine; and un >0> 
m > p in chloroform and benzene. This is neither in agreement with 
Frankland’s lever arm hypothesis,’ nor with the electrostatic modification 
as suggested by Rule.* It is thus clear that we have as yet no rule which 
can apply to all the cases hitherto investigated as the nature of the solvent 
plays a considerable part in the order of rotation of position isomerides. 


Physical Identity of Isomers.—The values of rotatory power of d and / 
forms in different solvents (Tables I-XXXIV) are identical within the 
limits of experimental error. Out of 285 observations now recorded, in as 
many as 265 cases the difference in the numerical value of the specific 
rotatory power of the opposite isomers corresponds to a difference of less 
than 0-01° in the observed angle of rotation and in the remaining 20 cases 
the corresponding angle lies between 0-01° to 0-02° which is the limit of 





4 Singh and Bhaduri, Proc. Ind. Acad. Sci., (A), 1937, 6, 340; Betti, Gazz. Chim. 
Ital., 1923, 53, 424. 

5 Rule and Mitchell, J. Chem. Soc., 1926. 3202. 

6 Rule and collaborators, ibid., 1928, 184. 

7 Ibid., 1896, 69, 1583. 

8 Ibid., 1924, 125, 1122. 
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experimental erros allowable in such measurements. 
Pasteur’s principle of molecular dissymmetry, according to which the two 
forms, dextro and /:evo, must possess equal and opposite rotatory power. 


o-Bromanilinomethylenecamphor in chloroform 


TABLE I 


51-82 
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This further supports 












































[ t —3—————— _; = 0 -3752 
ia) AF —0-1408 > Ao = 0-375 
Dextro Levo 
re wy SS Wee vaya Line Calc. [a] | — a oe ea 
Concentra- c : | Concentra- 
tion a [a] o-c | o’-e se tion 
g./100 c.c. | 2./100 e.c. 
| } 
0-4028 | +578-5° | +0-1°| Cdggoq | + 578-4° | —0-9°| — 577-5° | 0-4000 
om 439-4 | —O-1 | Cdsogg | 4389-5 | —0-7 438 +8 i 
si 397-3 | +0-2 | Agsoog | 397-1 | +0-4 397-5 Ze 
329-0 | —0-2 | Hgsag, | 329-2 | —O0-4 328-8 ‘i 
268-2 | +0-1 | Hgsogg | 268-1 | +0-7 268-8 se 
250-8 — 0-2 Nasxo3 | 251-0 —1-0 250-0 a 
224-6 | +-1-0 | Ligigg | 223-6 | +0-2 223-8 
189 8 -0-5 | Cdgigg | 189-3 | —0-5 | 188-8 
167-6 | +0 Ligzog | 167-6 | —O-1 167-5 % 
| 
The solution did not exhibit mutarotation. 
TABLE II 
o-Bromanilinomethylenecamphor in acetone 
54-09 = 
al)= + ws: A,= 0°3656 
la] A? — 0-1337 0 
Dextro | Levo 
~_+ —-— - -——_ =. | 
| Line | Cale. [a] | 
Concentra- f c : Concentra- 
tion _ (a o-c | | o-e oe tion 
g-/100 c.c. | | g./100 e.c. 
| | | 
0-4012 | + 558-3° 0-9° | Cdggog | + 559-2° i | .. | 0-4040 
is 433-7 1:0 | Cdgese 432-7 | +0-5°| — 433-2° me 
ma 392-6 | —0-5 | Agsso9 393-1 | —0-7 | 392-4 « 
330-1 1-1 | Hgsaei 329-0 | +0-4 | 330-5 s 
a 269-2 | —0-6 | H&sseo 269-8 | 40-0 | 269-8 wi 
te 253-1 | —O-1 | Nassoa 253-2 | +0-5 | 253-7 
‘2 225-6 | —0-8 | Ligigg | 226-4 | +0-1 | 226-5 
s 193 -2 + 0-6 | Cugygs 192 -6 —0-7 | 191-9 ‘a 
‘ 170-8 | —0-2 | Ligzos 171-0 | —0-2 | 1708 ; 
| | | 














The solution did not exhibit mutarotation. 
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TABLE III 


o-Bromanilinomethylenecamphor in benzene 
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48 -40 ~ 
[a] = + 2 — 0-1442' Ao = 0-3797 
Dextro | | Levo 
| | 
| 
| Line | Calc. [a] | | 
Concentra- c | a Concentra- 
tion es ta] o-c o’~c oo tion 
g-/100 c.c. | g-/100 c.c. 
| 
0-4008 | + 421-6°| —1-0°| Cdgogg | + 422-6° | +0-7°| — 423-3°| 0-4052 
t 381-7 | +0-9 | Agssos 380-8 | +0-5 381-3 ‘i 
314-3 | +0 HE 5461 314-3 | —0-9 313 +4 - 
: 254-5 | —0-4 | Hgsraq 254-9 | —0-7 254-2 i 
, 238-2 | — 0-1 | Nasegs 238-3 | — 0-1 238 -2 a 
: 212-0 | +0-1 | Ligiog 211-9 | +0-3 212-2 fe 
es 178-4 | —O-7 | Cdgggg 179-1 | —0-2 178-9 RS 
; 158-4 | +0-1 | Ligsos 158-3 | —0-4 157-9 js 
The solution did not exhibit mutarotation. 
TABLE IV 
o-Bromanilinomethylenecamph or in ethyl alcohol 
55-11 
a= 29 
Dezxtro Levo 
| | Line Calc. [a] 

Concentra- g c ‘ Concentra- 
tion ae la] | o-c o’-c | oe tion 
g-/100 c.c. g-/100 c.c. 
0 -4032 + 581-7° 1-5° | Cdggoo + 583-2° | +0-6°| —583-8° | 0-4000 
o 447-3 | —1-0 | Cdsoe6 448-8 | +0 448-8 | ie 
” 408 -0 — 1 -0 A&s5209 407 -0 a 0 “5 407 *5 | or 

339-9 | +0-3 Seon 339-6 | —0-8 338-8 | a 
277-9 | —0-1 | H&sza0 278-0 | —0-5 277-5 |, 
260-4 | —0-3 | Nagegs 260-7 | +0-6 261-3 | a 
| 233-2 | + 0-4 | Ligig, 232-8 | +1-0 233 -8 
| 197-3 — 0°55 gaz 197-8 | — 0:3 197 +5 a 
| 174-9 | — 0-5 | Ligzos 175 +4 me 0-4 175-0 










































TABLE V 


53-70 


Bawa Kartar Singh and Bhutnath Bhaduri 


o-Bromanilinomethylenecamphor in methyl alcohol 















































































- ——————_——. ; = 0-3797 
la] \? — 90-1442 + Ao sii 
Dextro | Levo 
l | Line Calc.[a] | | l 
Concentra- ? c : | Concentra- 
tion a [a] o—-¢ o’-e Obs. [a] tion 
g-/100 c.c. | - | g-/100 c.c. 
oe acl ces e 
0-4000 | +470-0° | +-1-0°| Cdgogg | + 469-0° | +0-6° | — 469-6° | 0-4036 
is 422-5 | —O-1 | Agssos 422-6 | +0 422-6 - 
347-5 | —1-1 | Hesges 348-6 | — 0-4 348-2 
x 283-8 | +0-9 | Hgs259 282-9 | +0-1 283-0 ~ 
o 265-0 | + 0-6 | Nassos 264-4 | +0-7 265-1 ‘a 
ms 235-0 | — 0-1 | Ligiog 235-1 | +04 235 +5 ee 
i” 198-3 | +O-1 | Cdgagg 198 -7 — 0°5 198 -2 ” 
ie 175-0 | 0-6 | Heros 175-6 | —0-8 174-8 a 
TABLE VI 
o-Bromanilinomethylenecamphor in pyridine 
la] ee _ 51-85 _ > % a O19746 
ee 
Dextro | Levo 
| Line Calc. [a] | 
Concentra- | : c m Concentra- 
tion a la] o-c o’—¢ | ree | | tion 
g./100 c.c. | | g./100 c.c. 
0 +4020 | 4- 437-8° | 40° | Cdsogg | + 437-8° | —0-3° | — 487-5° | 0-4000 
‘5 395-5 | —0-2 | Agsoog 395-7 | + 0-6 396-3 a 
. 328-4 | +0-1 | Hgsae; 328-3 | —0-8 327 +5 
fe 267-3 | —0-2 | Hgsze0 267-5 | +0 267 -5 ea 
. 250-0 | —0-4 | Nageos 250-4 | —0-4 250-0 st 
és 223-9 | +0-6 | Ligiog 223-3 | +0-5 223-8 ” 
‘ 190-1 | +0-9 | Cdgige 189-2 | —0-4 188-8 | 
‘i 166-7 | —0-7 | Ligzos 167-4 | +0-1 167-5 | : 








Co: 








TABLE VII 
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m-Bromantlinomethylenecamphor in chloroform 
(m.p. 111°-13°) 







































































56-74 a 
la] = + ® — 0-1230 ’ ro = 0 +3507 
Dezxtro Iaevo 
| Line Calc. [a] 

Concentra- oe c 5 Concentra- 
tion | aaa [a] o-c o’-c oe ae tion 
g./100 c.c. | g-/100 c.c. 
04028 + 527-7° | — wae Cdygo0 + 528-7° ie si 0 -4000 
os 417-2 —1-0 | Cdsog6 418-2 —0-7°| — 417-5° jn 
4 383-6 | +0-9 | Agsoo9 382-7 | —0-2 382-5 is 
‘ 324-1 +0°5 | Hgs46) 323 -6 +0-2 323 +8 me 
" 268-2 | —0-6 | Hgsz¢0 268-8 | +0 268 -8 
252-1 | —0-9 | Naseos 253-0 | —0-5 252 +5 s 
227-3 | +0 - | Ligigs 227-3 | +0-2 227-5 a 
és 194-8 | +0-1 | Cdggg 194-7 | +0:3 195-0 “ 
és 173-8 + 0-3 | Ligzog 173-5 —1-0 172-5 a 
TABLE VIII 
m-Bromanilinomethylenecamphor in acetone 
(m.p. 111°-13°) 

64-66 < 
[a] = + JF — 9191 + Ao = 93353 
Deztro Levo 
Line Calc. [a] be 
Concentra- c oncentra- 
tion ae (a) o-c o’-c ae tion 
g./100 c.c. g-/100 c.c. 
0-4032 | + 442-8°| +0-8°| Cdsoge | + 442-0°| —1-1°| —440-9°| 0-4004 
i 406-8 | —0-1 | Agseo9 406-9 | +0-2 407-1 ‘ 
‘ 348 +4 + 0-4 £5461 348 -0 — 0-7 347-3 as 
‘ 291-5 — 0-2 | Hgszgo 291-7 + 0-5 292 -2 pe 
; 275-4" | +0°2 | Nasegs 275-2 — 0-5 274-7 ne 
” 249 -2 + 0°7 | Ligiog 248-5 - O-l 248 -6 = 
%9 213-3 — 0-7 Cd gags 214-0 — 0-5 213 +5 a 
e 191-0 — 0-5 | Ligzos 191-5 — 0-4 191-1 me 
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TABLE IX 
m-Bromanilinomethylenecamphor in ethyl alcohol 
(m.p. 111°-13°) 


63 +49 
























































[a] = + ya —p-qnag 3 Ao = 0-3444 
Dextro | Levo 
Line | Calc. [a] “ 
Concentra- c m2 soncentra- 
tion la] o-c o’-¢ tg (a] tion 
g./100 c.c. | g./100 c.e. 
0 -3996 + 452-9° | —0-3°| Cdsogg | + 453-2° | +1-1°| —454-3°|] 0-4028 
“6 415-3 — 0-5 | Agsoog 415-8 +0 415-8 a 
354-0 | +0-5 | Hesse, 353-5 | —1-0 352-5 % 
; 294-0 | —0-6 | Hgsogo 294-6 | —0-4 294-2 +s 
. 277-8 | +0-2 | Nasess 277-6 | 4-0-5 278 +1 ‘ 
- 250-2 | +0-3 | Ligiog 249-9 | +0-9 250-8 
214-0 | —0-6 | Cdgags 214-6 | —1-1 213-5 ms 
; 191-4 | —0-2 | Ligzos 191-6 | +0-8 192 -4 ‘ 
TABLE X 
m-Bromanilinomethylenecamphor in benzene 
(m.p. 111°-13°) 
54-50 
Dextro | Leevo 
Line | Cale. [a] | 
Concentra- c | Concentra- 
tion | Ob8-[a]| og oe | Obs, fa] ih 
g./100 c.c. | g-/100 c.c. 
0-4028 | +351-3°| +0-5°| Cdgogg | + 350-8°| —0-8°| —350-0°| 0-4000 
TY) 324 0 — 0-4 Agseu9 324 “4 _ 0-6 323 8 ” 
i 279-3 | —0-3 | Hgsyes 279-6 | + 0-4 280 -0 ‘ 
“ 237-0 | +0-8 | Hgszg0 236-2 | +0+1 236 «3 “ 
ss 223-5 | +0-1 | Naseos 223-4 | —0-9 222-5 ia 
a 201-9 | —0-5 | Ligio, 202-4 | +0-1 202 +5 Na 
as 175-1 | +0 | Cdeass 175-1 | —0-1 175-0 “ 
ns 156-5 | —0-7 | Ligzos 157-2 | +0-3 157-5 _ 
































The solution turned yellow on keeping and exhibited slight mutarotation ; the 
initial values (a ]Hésse, = 279-3° and [2 ]}tHg 65 = 237-0° changing to 269-3° and 


228 -2° respectively in course of 24 hours. 





TABLE XI 


(m.p. 111°-13°) 


59-17 
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m-Bromanilinomethylenecamphor in pyridine 
































[a] = + _0-1217° ro = 0+3488 
i Dextro Ltevo 
7 Line Calc. [a] | 
Concentra- ’ c | : Concentra- 
ie tion ~~ [a] o-€ o’-c | ie tion 
g./100 c.c. | g./100 c.c. 
0-4008 + 4382-8° | +0-9°| Cdsog, + 431-9° | —0-8°; — 431-1° 0-4060 
ae 395-5 +0 AZ5009 895-5 — 0-1 395 -4 * 
ee 334 -2 —1-0 | Hgs463 335 +3 — 0:3 335 -0 ra 
a 279-4 + 0-8 | Hgsag9 278-6 +1-0 | 279 -6 = 
261-9 — 0:4 | Nageos 262-3 +0-1 | 262 -4 Ss 
is 235-8 +0 igi04 235-8 — 0-6 | 235 -2 ea 
- 202-1 +0 Cdgaag 202-1 —O-] 202-0 re 
x | 179-6 — 0-6 ig7 6s 18062 +0:8 181-0 ‘9 














TABLE XII 


(m.p. 162°-63°) 


m-Bromanilinomethylenecamphor in chloroform 


The solution turned red on keeping ; so much so that the Hg;4,; line could not be 
read; it also exhibited slight mutarotation; the initial value [a]Hg5739 = 279°4° 
changing to 271 -9° in course of 24 hours. 

















56-74 ae 
[a] = + 73 — 9 -1930 Driaa0 * Ao = 0°3507 
Dextro Levo 
| Line Calc. [a] 

- Concentra- | c Concentra- 
“au ~— [a] —_ ania —,, {a Sioa 
g-/100 c.c. g./100 c.c. 
-5° | —0-2°) Cdggog | + 528-7° ee * 0-4060 
“6 +0:*4 | Cdsog¢ 418-2 —0-7°| — 417-5° a 

2-6 —O-l | Agseo9 382-7 — 0°8 381-9 ae 
“0 + 0-4 Hg5461 323 -6 + 0-4 324 “0 ” 
“1 +0-3 | Hgszgo 268-8 — 0:3 268-5 ve 
“0 +0 Nas gos 253-0 — 0-5 252-5 ‘ 
“8 — 0-5 | Ligio,g 227-3 — 0-7 226-6 oe 
8 + 0-1 | Cdggsg 194-7 +0 194-7 a 
2 — 0-3 | Ligzog 173- —1-1 | 172 -4 ” 
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TABLE XIII 
m-Bromanilinomethylenecamphor in ethyl alcohol 
(m.p. 162°-63°) 
























































63-49 . 
te) = & a —o-rres * Ae = O-seee 
Dextro | | Levo 
pemrels 
< Line Calc. [a] | 
Concentra- c : Concentra- 
tion — [a] o-c | O'—¢ Obs. [a] tion r 
g./100 c.c. | | ” g./109 exec, 
| | 
EES | ‘ 
0 -4040 + 454 2 + 1 “0° Cdsos6 ~ 453 “2° —1 “0° _— 452 a 0 4084 
. 415-8 | +0 | Agssos 415-8 | —1-5 414-3 > 
352-8 | —0-7 | Hesse: 353-5 | —1-5 352-0 . 
‘A 294-6 | +0 Hgszse | 294-6 | — 1-8 293-3 “ 
=e 278-5 | +0-9 | Naseo, 277-6 | —0-2 277 +4 - 
248-8 —1-l igios 249-9 +0°6 250 +5 = 
” 215-4 +0-8 38 214-6 — 0-9 213 -7 99 
“ 191-8 | +0-2 | Ligzgs 191-6 | +0-3 191-9 is 
TABLE XIV 
m-Bromanilinomethylenecamphor in pyridine 
(m.p. 162°-63°) 
Py 59-17 ’ = tege 
{a) = + “3H? Ao = 0-3488 
Dextro Levo 
| Line Calc. [a] | 
Concentra- ec | a | Concentra- 
tion | Os-(a] | o- o’-c | Obs. a} | “tion 
g-/100 c.c. | | | g./100 c.c. 
' 
09-4084 | + 431-4° | —0-5°| Cdgogg | + 431-9° | — 0-6"| — 431-3° | 0-4000 
is 394-8 | —0-7 | Agsoos 395-5 | —0-5 395-0 | ss, 
= 335-5 | +0-2 | Hesse 335-3 | — 0-3 335-0 | “ 
278-6 | +0 |Hegse9 | 278-6 | +0-2 278-8 . 
‘a 262-7 | +0-4 | Nasegs | 262-3 | +0-2 262-5 | ,, 
a 235-9 | +01 | Ligiog 235-8 | —0-8 235-0 | 
‘i 201-7 | —0+4 | Cdgisg 202+1 | +0-4 202-5 | , 
en 180-8 | +0-6 | Ligzos 180-2 | +1+1 181-3 |, 
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TABLE XV 
m-Bromanilinomethylenecamphor in acetone 
(m.p. 162°-63°) 
















































































” 


64 -66 
- ; Ag = 0-3353 
(@) = 4 -ye=gat =" 
Dextro | Lavo 
Line | Calc. [a] | 
Concentra- c bs | Concentra- 
tion ™ (a) o-c | o’-¢ = Bey 
g./100 c.c. | | g./100 c.c. 
0 -4060 + 442-2° | + 02°] Cdsgoge + 442-0° | +0-5°| — 442-5° | 0-4068 
ay 407-7 | +08 | Agsoo9 406-9 | —O;1 406-8 |, 
' 347-4 —0°6 £5461 348 -0 —0-l 347 -¥ a 
291-9 | + 0-2 | Hgs7go | 291°7 | +0-9 292 -6 vs 
274-7 | —0-5 | Naseos 275-2 | +0-2 275 +4 ‘ 
' 248-8 | +0-3 | Ligiog 248-5 | —0-2 248-3 ‘a 
: 213-1 | —O-9 | Cdgsgs 214-0 | —0-1 213-9 
192-1 | +0-6 | Ligzos 191-5 | +0-3 191-8 os 
TABLE XVI 
m-Bromanilinomethylenecamphor in benzene 
(m.p. 162°-63°) 
a 54-50 g Pek 
Dextro Levo 
6 , Line Calc. [a] 
oncentra- ; c Cc a 
tion a [a] o-c o’-c Obs. (a] << 
g./100 c.c. . g./100 c.c. 
0 -4068 + 350-4" | —0«4° Cds 96 + 350-8° | +0-8°| — 351-6" 0 -4052 
‘4 324-6 | +0+2 | Agioog 324-4 | —1-1 323 -3 . 
+ 279-0 | —0-6 | Hesse: 279-6 | +0-5 280-1 . 
- 236-0 | —0-2 | Hgszgo | 236-2 | — 0-5 235-7 
‘ 223-7 | +0+3 | Naseg, | 223-4 | +0 223 +4 “ 
a 202-8 | +0-4 | Ligios 202-4 | +0 202-4 | 
% 174°5 = 0-6 Cdgisg 175:1 _ 1-2 173-9 ” 
‘ 187-3 | +01 | Listas 157-2 | +0-7 | | 157-9 | 
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TABLE XVII 


p-Bromanilinomethylenecamphor in chloroform 


57-31 







































































Si = +See? Ae OS 
Dextro Levo 
Line Calc. [a] 
——* | Obs. [a] a c aie Obs. [a] Create, 
g./100 c.c. | - ™ g./100 c.c. 
| 
0 -4008 | + 525-3° | —0-8°| Cdggoq | + 526-1° | +0-7°| — 526-8° | 0-4048 
- 418-0 | + 0-3 | Cdgoge 417-7 |) +0-6 418-3 
5 383-0 | +0-4 | Agssos 382-6 | —0-1 382-5 ie 
‘ 324-3 | +0 1g5461 324-3 | +0-2 324-5 ‘i 
‘ 269-5 | —0-1 | Hgsego | 269-6 | —0-6 269-0 ‘ 
253-3 > 0-5 Nas g93 253-8 +0-4 254 +2 3° 
228-3 | +0 Licses 228-3 | —0-1 228 -2 : 
195-9 | +0-3 | Cdgasg 195-6 | +0-5 196-1 i 
194-7 | + O-@ | Edces 174-4 | —0-5 173-9 * 
TABLE XVIII 
p-Bromanilinomethylenecamphor in ethyl alcohol 
62-39 ; Leo 
@]= + yar? Ap = 0 +3499 
Dezxtro Levo 
l Line | Cale. [a] i 
Consennie: Obs. [a] si c ome Obs. [a] args 
g./100 c.c. . ’ g./100 c.c. 
0-4008 | +577-7°| £0° | Cdggog | + 577-7°| °° . 0 -4000 
. 457-9 | + 0-2 | Cdgoge 457-7 | —0-2°| -- 457-5° is 
m 418-0°| —1-0 | Agsoog 419-0 | —0-2 418-8 4 
Pr 355-6 + 0:7 25461 354-9 + 0-1 355 -0 ory 
” 294 “4 = 0-3 Hg5780 294-7 — 0-9 293-8 ” 
. 278-2 | —0-2 | Nasess 278-4 | —0-4 278 -8 é 
‘s 249-5 | +0-1 | Ligigg 249-4 | +0-6 250 -0 ri 
% 215-1 +1-5 | Cdgysg 213 -6 + 0-2 213°8 
% 189-6 — 0-9 Ligz08 190-5 — 0-5 190-0 9 
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TABLE XIX 


p-Bromanilinomethylenecamphor in pyridine 





















































58-61 
{a} = 4 —\? —0-1302’ Ao = 0-3608 
Dextro | Levo 
= Line Cale. [a] | “ . 
Concentra- c oncentra- 
tion mm (a] o-c | fee —. ta] tion 
g./100 c.c. g-/100 c.c. 
| { 
0-4000 + 455-0° +1-1° Cdgoge + 456-1° | — 0-6°| — 455-5° 0 -4040 
- 416-3 | +0-9 | Aggoos 415-4 | +0°5 415-9 + 
348-8 | —0-1 | Hesse; 48-9 | + 0-2 349 +1 a 
es 287-5 | +0 | Husreo 287-5 | —0-4 287-1 0 
270-0 | +0 Naseos 270-0 | +1-0 271-0 ‘ 
242-5 | +0-7 | Ligios 241-8 | —0-5 241-3 ‘i 
206-3 | + 0-1 | Cagags 206-2 | +0-4 206 -6 ‘s 
182-5 | —0-8 | Ligzos 183-3 | —0-1 183 -2 20 
TABLE XX 
p-Bromanilinomethylenecamphor in acetone 
65-33 - 
= 7 3 = : 20 
“- +-pe ee 
Dezxtro Lavo 
l Line Cale. [a] | 
Concentra- | c Concentra- 
tion =. [a] | io-e o’-c | ae (a) tion 
g./100 c.c. | g-/100 c.c. 
; 0-4008 | +575-2° | —0-9°| Cdyggoq | + 576-1° e ¥ 0 -4060 
re 461-7 | +0-6 | Cdsog¢ 461-1 | —0-4°| — 460-7° i 
°° 424-3 +0-9 | ASsoo9 423 -4 +0:-3 423-7 si 
i 360-6 | +0 Hg 5461 360-6 | —0-9 359-7 ss 
: 300-6 | —0-3 | Hgs7g, | 300-9 0-4 | 300-5 
283-2 | —0-6 | Nasags 283-8 | —0-5 283-3 
: 255-8 +0-2 | Ligyog 255 -6 +0-6 256 -2 i 
; 219-6 | +0 moved 219-6 | +0-9 220-5 " 
* 197-1 | +0-9 | Ligoos 196-2 | —0-4 195-8 js 
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TABLE XXI 


p-Bromanilinomethylenecamphor in methyl alcohol 


63 -65 
A? — 0-1219 





; Ag =0-3419 



























































| 
Dextro Levo 
oa | 
| | Line Nl 
Concentra- Y «| Concentra- 
tion -_ la] | | 0’-¢ aa” [a] tion 
g./100 c.c. | | g./100 c.c. 
| | | 
0 -3988 | + 586 -8° | Cdgs00 -7° | —0-6°| — 586-1° | 0-4036 
| 465-3 | + Cilecns 3 | —0-7 |) 464-6 | 
| 424-6 | —1-4 | Agssos 0 | +0-2 426-2 | 
| 361-1 | +0 HEsee1 -1 | —0-5 | 360-6 ‘. 
| 299-7 | —0-3 | Hgsaao 0 | —0-2 | 299-8 ‘a 
282-1 | —0:3 | Nasgos 4 | +0-1 282-5 ‘, 
254°5 | +0-6 ig104 3-9 + 0-2 254-1 ne 
| 218-2 | +0-7 | Caesge 5 | —0-7 216-8 . 
| 194-3 | +0-3 | Ligzgg 0 | +0-6 194-6 ‘és 
TABLE XXII 
p-Bromanilinomethylenecamphor in benzene 
47 -A7 
; = 0 +3676 
W—o-1ss1* He 
Dexiro Levo 
Line 
Concentra- . z Concentra- 
tion — la] o’-c Obs. (a) tion 
g./100 c.c. g./100 c.c. 
| { 
0-4008 | +383-0° | —1-1°| Cdgogg 1°| —0-4°| —383-7° | 0-4000 
‘i 349-4 | +0-9 | Agsoog 5 | +03 348-8 ‘ 
‘ 291-9 | +0-9 | Hgsaes 0 | +0-3 291-3 a 
2 238-3 | —0-3 |. Hgsaeo 6 | —1-1 237 -5 
- 223-4 | —0-3 | Naseos 7 |. £0 223 -7° s 
re 200-9 | +1-0 | Ligios 9 | +041 200 -0 a 
- 169-7 | —0-2 | Cdayss ae.) S oa es 
_ 151-0 | +0-3 | Ligzog 7 | —0-7 | 150-0 : 
| 














The solution exhibited mutarotation ; the initial values [a]rg54g) = 291-9° and 


[alugs7g9 = 238-3° changing to 274-5° and 222-1° respectively in course of 30 hours. 











TABLE X XIIT 


m-Iodoanilinomethylenecamphor in chloroform 
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51-12 os 
Dextro | Leevo 
| 
Line Calc. [a] | ‘ 
‘once . c Concentra- 
er Cate | 2 | ote | Obs. fa] _ 
— o | o r./100 
g./100 c.c. | g-/ c.c. 
| | | | 
0-4012 | +441-2° | —1-1°| Cdggog | + 442°3° | —0-2°|} — 442-1° | 0-4072 
a | 355-2 | +0 Cleans 355-2 | +0-9 | 356-1 | > 
| 326-5 — 0-2 | Agseog 326-7 +0 | 326-7 | a 
| 279-1 | +0-4 | Hgsae 278-7 | +0 | 278-7 | os 
, | 288-1 | £0 | Hgsr0 | 283-1 | +0-2 | 233-3 | i 
| 219-4 | —0-5 | Nasegg 219-9 | —O-1 | 219-8 8 
4 | 1983 | +0 ‘thea 198 +3 -0-6 | 198-9 
7 | 170°7 | +01 | Cdgasg 170-6 | +@-1 | 170-7 ‘i 
| 152-1 | —O-4 | Ligsgs 152 +5 | —0-2 | 152-3 i 
| 


| | 





The solution exhibited mutarotation; the initial values [a]Hg54g;= 279°1° and 


-~ mo 


[a]Hgs7g9 = 233-1° changing to 265-5 


TABLE XXIV 


m-Jodoanilinomethylenecamphor in ethyl alcohol 


and 218-1° respectively in course of 20 hours. 























58-49 A 
a = 0-3390 
el = +p? *e 
Desxtro | | Lavo 
| 
ig Line Calc. [a] 
ee Obs. [a] o-¢ ‘ o’—c Obs. [a] } — 
g./100 c.c. ” | ° | g./100 c.c. 
‘ | r , | 
0-4056 + 506 -0° } <— 1-3° Cdys oo $ 507-3° ee | ee 0-4012 
a 407-2 | —0-5 | Cds og6 407-7 | —0-1°| — 407-6° at 
a 374-0 | +0 Agsaoig 374-0 | —0-6 | 373-4 ss 
6 | 319-5 | +0-5 | Hgss61 319-0 | +0-1 319-1 a 
, | 267-8 | +0-8 | Hgsrgo | 267-0 | +0-9 | 267-9 7 
| 251-8 | —0-5 | Nasgos 252-3 | —0-5 | 251-8 sa 
% | 227-0 | +0 isies 227-0 | —0-2 226-8 - 
- | 196-2 | +1-0 | Cdgasg 195-2 - 0-4 195 -6 i 
‘ | 174°0 | —0°5 | Cdgrog 174-5 | +0 174-5 i 
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TABLE XXV 


m-Jodoanilinomethylenecamphor in methyl alcohol 






























































ea 60 38 ™ ss . 4 
l= +e’ Ae Oe 
Dezxtro | Levo 
| 
| | Line Cale. [a] | 
Concentra- ” e Concentra- 
tion ane la] | o-c | o’-¢e = (a) tion 
g./106 c.c. | g-/100 e.c. 
0-4048 | + 416-2°| —0-8°| Cdsogg | + 417-0° | —0-7°| — 416-3° | 0-4000 
: 384-2 | +0-6 | Agseos 383-6 | +0-2 383 -8 ws 
328-5 | +0-8 | Hesaei 327-7 | —0-2 327-5 ve 
274-2 | +0 Hgs7g0 | 274-2 | —O-4 273-8 [ 
258-1 | —0-6 | Nasaes 258-7 | +0-1 258-8 mi 
233 -4 +0 Lig; o4 233 -4 | O-4 233 -8 a 
201-3 | +0-4 | Cdggss 200-9 | +0-4 201-3 a 
179-1 | —0-5 | Ligzos 179-6 | —0-8 178-8 i 
} 
TABLE XXVI 
m-Iodoanilinomethylenecamphor in pyridine 
53 -64 
@]= +-+———err, 3 Ag ~ 0-9408 
la] A? —0-1158 ° 
Dezxtro Levo 
Line Cale. [a] 

Concentra- ec Concentra- 
Stine — {a] vo iia an. Soon 
g./100 c.c. g-/100 c.c. 
0 -4020 | + 375-7° + 0-3° Cdsos6 + 375 -4° ae a —_ S75 0° 0 -4080 
on 344-6 | —0-4 | Agsaos 345-0 | +0-6 345-6 fs 
» | 294-8 | +057 | Hesee 294-1 | +0 294-1 - 
me | 245-1 —0-6 | Hgs7g0 245-7 + 0-6 246-3 : 

Bs 231-4 | —0-3 | Naess 231-7 | —0-1 231-6 = 
- | Gee t% “4 | Besa 208-9 | — 0-5 208 +4 i 
| 180°4 | +0-8 | Cdggsg 179-6 | +0-5 180-1 fi 
. | 160-5 | +0 | Edere. 160-7 | +0 160-5 7 

| 

















The solution did not exhibit mutarotation but turned pink on keeping. 














TABLE XXVII 


m-Jodoanilinomethylenecamphor in acetone 


57 +57 


Dependence of Optical Rotatory Poweron Chemical Constitution: 





XVT 375 



























































si- +e SO 
Dextro | Leevo 
| 
l | | Line Calc. [a] 
Concentra- | c js Concentra- 
ton | ~_ {a] o-c | o’—c Ob spat tion 
g./100 c.c. | | g./100 c.c. 
| l 
0-4004 | +487-1°| + 0° | Cdggog | + 487-1° | —1-1°] —486-0°| 0-4044 
“ 393-4 | +0-4 | Cdsoge 393-0 | +0 393-0 ie 
Gy 361-0 | —0-8 | Agseng 361-8 | + 0-6 362 -4 9% 
i 309-7 +0-2 | Hgsae: 309-5 — 0-4 309-1 os 
: 259-8 | +0°3 | Hgszso 259-5 | +0-2{ 259-7 “4 
‘ 244-8 | +0 Nasgos 244-8 | +0 244-8 a 
% 221-0 — 0-1 Ligio4 221-1 +0°3 221-4 99 
189-9 | —0-6 | Cdgasg 190-5 | —0-1 190-4 ‘, 
= 171-1 +0°6 | Ligzog 170°5 + 0°2 170-7 . 
TABLE XXVIII 
m-Jodoamlinomethylenecamphor in benzene 
; 47 -59 
me 4 a = 0-3280 
Rs te 
Dextro Levo 
ie Line Calc. [a] 

Concentra- c . Concentra- 
tion _ (a] o-c o’-c ee tion 
g./100 c.c. g-/100 c.c. 
+4120 + 316-5° | +1-6°| Cdgoge + 314-9° | +0-1°} —315-0° | 0-4000 
o 290-1 — 0-6 | Agsooe 290-7 + 0-6 291-3 B 
_ 251-1 +0°8 | Hgsa61 250-3 —0°3 250-0 es 
; 211-1 | +1-0 | Hgszgo 210-1 | —0-1 210-0 a 
: 197-9 | —0-6 | Nasgos 198-5 | +0:3 198-8 4 
‘e 179-6 | +0 Tileses 179-6 | +0-4 180-0 _ 

” 155-3 | +0-2 | Cdggsg 155-1 | —0-1 155-0 . 

. 138-4 | —0-6 | Ligzos 139-0 | +1-0 140-0 %» 
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TABLE XXIX 
p-lodoantlinomethylenecamphor in chloroform 


54 +46 


= tree ee 






































Dezxtro Levo 
| | Line Calc. [a] C 
Concentra- c Yoncentra- 
tion ata la} | o-c o’-c ee ae tion 
g./100 c.c. g-/100 c.c. 
0 -4000 {- 382 +5° | —0+2°| Cdsoge6 + 382-7° | +0-2°| — 382-9° 0- 4036 
9 351 +3 — 0-3 | Ags209 351-6 + 0-3 351-9 ” 
: 300-0 | +0-4 | Hgsae: 299-6 | —1-0 298 -6 im 
250-0 | — 0-1 | Hgsego 250-1 | + 0-2 250-3 > 
236 +3 + 0-4 | Nasgog 235-9 — 0-5 235-4 ” 
; | 212-5 —O-1 | Lig og 212-6 + 0-5 213-1 9 
; | 182-5 | —O-2 | Cdggsg 182-7 | —0-3 182-4 9» 
9 | 163-8 | +0-5 | Ligzo, 163-3 | +0-3 163 -6 ” 
| | 





The solution exhibited mutarotation ; the initial values [a]Hg54g,= 300-0° and 


lalHgs7g9 = 250-0° changing to 283 -8° and 235 -0° respectively in course of 30 hours. 


TABLE XXX 


p-lodoanilinomethylenecamphor in acetone 























ain 55 +22 : = 0-35 
Dezxtro Lavo 
Line Calc. [a] 

Concentra- c Concentra- 
tion =. [a] o-c o’-c Obs. [a] tion 
g./100 c.c. | . g./100 c.c. 
0 -3996 + 425-4° | —0-7°| Cdsoa¢ + 426-1° | —1-6°} — 424-5° 0 -4052 
ee 389-1 +0°8 | Agssog 388-3 + 0-4 388-7 i 
ms 326-5 +0 Hg5461 326-5 — 0-7 325-8 ns 
se 269-0 —0°3 | Hgs5780 269-3 —0°3 269-0 ‘i 
a 253-3 + 0:2 | Naggos 253-1 — 0-1 253-0 os 
ne 227-7 + 0-9 igio4 226-8 + 0-2 227-0 mx 
‘a 192-7 —0°8 | Cdeigg 198-5 — 1-0 192-5 99 
a 172 -6 + 0-5 igz08 172-1 + 0-6 172 -7 * 






































TABLE XXXI 


p-lodoanilinomethylenecamphor in ethyl alcohol 


54°25 
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=a 4 = ° = 363 § 
[a] = + —p-jgie' Ao = 9°362 
Dextro Levo 
oy l Line | Calc. [a] ] 
Concentra- : | | c | Ohe | Concentra- 
tion —_ (a) | o-c o'—-c | oe ial tion 
g./100 c.c. | | g./100 c.c. 
} 
0-4004 | + 426-0° | ~—0-9° | Cdsog¢ + 426-9° | +0-9°| — 427-8° | 0-4068 
a 388-4 | +0-1 | Agseog 388-3 | —1-1 387 -2 
; 325-9 | +0-3 | Hesse 325-6 | +0-2 325-8 ‘s 
: 267-2 | —0-7 | Hgszs0 267-9 | +0-1 268-0 ie 
‘- 251-0 | —0-5 | Nagsos 251-5 | —0-1 251-4 ; 
ns 226-0 | +0-8 | Ligiog 225-2 | —0-2 225-0 ‘ 
‘ 191-1 | —0-7 | Cdeyss 191-8 | +0 191-8 id 
si 169-9 | —0-5 | Ligzos 170-4 | +0-4 170-8 ot 
TABLE XXXII 
p-lodoanilinomethylenecamphor in pyridine 
y 54-92 . i aii 
[a] + 39-1558 9 = 0-3540 
Dextro | Levo ‘ 
| Line | Calc. [a] | ) 
Concentra- | c | ' | Concentra- 
one | er {a] din | | glee Om. (al ‘aaa 
g-/100 a | g-/100 c.c 
0-4020 + 410-6° | —1-0°| Cdgogg | + 411-6° | +0-1°|—411-7° | 0-4044 
. 375-8 | —0°3 | Agseos 376-1 | +1-0 377-1 - 
4 318-4 | +0-8 | Hegsae 317-6 | +0-2 317-8 ia 
‘. 263 +7 | +0°7 | Hgseso 263-0 | —0-9 262 +1 ns 
ns 247-6 | +0-3 | Nags, | 247-3 | +0 247-3 7 
oe 222-6 | —0-3 | Ligiog 222-9 | —0-3 222 -6 * 
vf 190-4 | +0-5 | Cdgsse 189-9 | +0-5 190-4 | a 
~ 168-1 | —1-0 | Ligsgs 169-1 | —1-0 168-1 | 5 
| | { 























The solution turned pink on keeping and exhibited mutarotation ; the initial value 
[a]Hés7g9 = 263-7° changing to 251-2° in course of 20 hours. 
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TABLE XXXIII 
p-Lodoanilinomethylenecamphor in methyl alcohol 










































































58-99 = 
a] =+-— 3 Ag = 0-3523 
ta] = + Sap -taat * “6 ? 
Dextro | Leevo 
Line Calc. [a] | 
Concentra- a c y | Concentra- 
tion age la] o-c o’-c mae” {a} tion 
g./100 c.c. | g-/100 c.c. 
} 
| 
0-4096 | +554-3° | —0-7°| Cdggog | + 555-0° | —1-2°) — 553-8°| 0-4000 
rs 401-4 | +0-6 Agseo9 400-8 | —0-8 400 -0 ie 
a 338-1 | —0-7 | Hgsae: 338-8 | +0 338 +8 3 
280-7 | —0-1 | Hggzgo | 280°8 | +0°5 281-3 is 
“ 263-7 | —0-6 | Naseos 264-3 | —0-5 263-8 a 
238-0 | +0-6 incon 237-4 | +0-1 237-5 ts 
je 202-5 | —0-6 | Cdgigg 203-4 | +0-4 203-8 = 
< 181-8 | +0-8 Nicos 181:0 | —1-0 180-0 si 
| | 
TABLE XXXIV 
-Iodoantlinomethylenecamphor in benzene 
Pp A 
47-82 
= 4 ; = 0-3363 
(e]= *>3—p-rrar* 40 
| 
Dextro | Leevo 
| | Line | Cale. [a] | a 
Concentra- " c Concentra- 
tion ~ [a] o-c | o’-c Se. inl | tion 
g-/100 c.c. | | g./100 c.c. 
| 
} | 
| 
0 -4020 | + 329-7° | +1-2°] Cdgoge | + 328-5°| —0-1°| — 328-4°| 0.4080 
| 302-3 | +0 | Agsoo9 302-3 | +0-3 302 -6 a 
| 258-6 | +0-2 | Hgsees 258-4 | —1-0 257-4 e 
Ks | 216-5 | +01 I g5780 216-4 | +0°5 216-9 x 
» | 204-0 | —0-2 | Nasee, 204-2 | + 0-4 204-6 a 
184-1 — 0-2 Lieiog 184 +3 — 0-5 183-8 + 
159-2 | +0-5 | Cdease 158-7 | — 0-6 158-1 > 
| 141-8 | —O-1 | Ligzos 141-9 | + 0-3 142-2 af 




















The solution exhibited slight mutarotation; the initial values (alHesg1 = 258-6 
and [a]Hg57a9 = 216-5° changing to 249-8° and 208-5° respectively in course of 
20 hours. 

The melting points of the racemic forms of bromanilinomethylene- 
camphor (ortho and meta) and of p-iodoanilinomethylenecamphor are higher 
than those of the optically active forms. These forms are true di-compounds, 
at least in the solid state. 








wm oe, 


a 
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The Nature of Rotatory Dispersion.—The different bromanilinomethylene- 
camphors and the iodoanilinomethylenecamphors, like other compounds 
k 
we — dF 
In the numerical test given in the tables of rotatory dispersion (I-XXXIV) 
it will be seen that the differences in the observed and calculated values 

of rotatory power lie well within the limits of experimental error. 


of this series, obey the simple dispersion equation of Drude, [aj = 


Experimental 


General Method of Preparation.—The solution of the free base (1 mol. 
proportion) in glacial acetic acid is added to a solution of oxymethylene- 
d-camphor (1 mol. proportion) in methyl alcohol, when a precipitate usually 
separates at once; if not it is left overnight to crystallise slowly (without 
any addition of water). It is then repeatedly crystallised out of suitable 
solvents, usually methyl alcohol and ethyl! alcohol. 


The /evo and the racemic compounds described in the present paper 
were prepared in the same way as the corresponding dextro isomers and have 
the same crystalline form and similar solubility. 


o-Bromanilinomethylene-d-camphor, white prismatic needles mp. 
88°-89°. (Found: C, 60-98; H, 6-17; C,, He» NOBr requires C, 61-07 ; 
H, 5-99 per cent.) It is freely soluble in chloroform, acetone, pyridine ; 
less so in benzene, ethyl alcohol and methyl alcohol. o-Bromanilino- 
methylene-\-camphor, m.p. 88°-89°. (Found: N, 4-34 ; C,,H,»NOBr requires 
N, 4-19 per cent.) 0o-Bromanilinomethylene-dl-camphor, m.p. 95°-96°. 
(Found : N, 4-32 ; C,,H,»NOBr requires N, 4-19 per cent.) 


m-Bromanilinomethylene-d-camphor, exists in two dimorphous forms - 
a-form m.p. 162°-63°, and B-form, m.p. 111°-13°. a-form is obtained as 
white needles when the precipitate obtained in the usual way is crystallised 
very slowly (without disturbing) out of methyl alcohol. (Found: C, 60-90; 
H, 6-16; N, 4-27 ; C,,;Hep>NOBr requires C, 61-07; H, 5-99; and N, 4-19 
per cent.) It is freely soluble in chloroform, pyridine and acetone ; less 
so in ethyl alcohol and benzene and difficultly soluble in methyl alcohol. 
B-form m.p. 111°-13°, is obtained as small white crystals when the preci- 
pitate (obtained in the usual way) or the a-form is crystallised rapidly 
with scratching out of methyl alcohol. (Found: C, 60-93; H, 6-29; 
N, 4:40; C,,HagNOBr requires C, 61-07 ; H, 5-99 and N, 4-19 per cent.) 
Both the forms are interconvertible, the form obtained depending upon 
the mode of crystallisation. The mixed melting point is intermediate 
between those of the two. 
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m-Bromanilinomethylene-|-camphor : a-form, m.p. 162°-63°. (Found : N, 
4-33; C,,H.»NOBr requires N, 4-19 per cent.) B-form, m.p. 111°-13°, 
(Found: N, 4-29; C,,H2~NOBr requires N, 4-19 per cent.) 

m-Bromanilinomethylene-dl-camphor (only one form could be isolated), 
m.p. 175°-76°. (Found: N, 4-28; C,,;H,>NOBr requires N; 4-19 per cent.) 

p-Bromanilinomethylene-d-camphor, long rectangular white plates, m.p. 
186°-87°. (Found: C, 60-91; H, 6-19; C,,H,,NOBr requires C, 61-07 and 
H, 5-99 per cent.). It is freely soluble in chloroform, pyridine, acetone ; less 
so in benzene and ethyl alcohol; difficultly soluble in methyl alcohol. 
p-Bromanilinomethylene-l-camphor, m.p. 186°-87°. (Found: N, 4.33; 
C,,;H2oNO Br requires N, 4-19 per cent.) p-Bromanilinomethylene-dl-camphor, 
m.p. 185°-87°. (Found: N, 4-35 ; C,,H,>NOBr requires N, 4-19 per cent.) 

2:4:6 Tribromoaniline did not condense with oxymethylenecamphor. 


The condensed product of oxymethylenecamphor with o0-Iodoaniline 
(obtained in the usual way) refused to solidify. 


m-lodoanilinomethylene-d-camphor, long rectangular white plates, m.p. 
187°-88°. (Found: C, 53-37; H, 5-40; C,,H, »NOI requires C, 53-54; and 
H, 5-25 per cent.) It is very easily soluble in pyridine; fairly so in chloroform 
and acetone ; less so in ethyl alcohol and methyl alcohol and difficultly in 
benzene. m-lodoanilinomethylene-1-camphor, m.p. 187°-88.° (Found : N, 3-79; 
C,,HzpNOI requires N, 3-67 per cent.) m-lodoantlinomethylene-dl-camphor, 
m.p. 182°-83.° (Found: N, 3-76 ; C,,H, »NOI requires N, 3-67 per cent.) 

p-lodoanilinomethylene-d-camphor, dirty white shining long rectangular 
plates, m.p. 185°-86°. (Found: C, 53-42; H, 5-35; C,,H,)NOI requires 
C, 53-54; and H, 5-25 per cent.) It is very easily soluble in chloroform, 
acetone, pyridine and benzene ; less so in ethyl alcohol and methy! alcohol. 
p-Iodoanilinomethylene-|-camphor, m.p. 185°-86°. (Found: N, 3-78; 
C,,HggNOI requires N; 3-67 per cent.) p-Zodoanilinomethylene-dl-camphor, 
m.p. 193°-95°. (Found: N, 3-80; C,,H,9NOI requires N, 3-67 per cent.) 


The rotatory power determinations were made in a 2-dcem. jacketed 
tube at 35°. The value of Aj, calculated from the dispersion formula, is 
given in the tables and is expressed as p or 10-* cm. 


A grateful acknowledgement is made to the local Government in the 
Ministry of Education for the grant of a Research Scholarship to one of. us 
(B. B.), which enabled him to take part in this investigation. 
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RECTIFICATION in discharge tubes is a well-known phenomenon observable 
in most of the types of discharge tubes commonly used. A quantitative 
study of this effect, however, does not seem to have been made in sufficient 
detail although we find certain important observations on this effect in 
literature.;* ‘The following paper gives such a quantitative study in which 
this rectification has been investigated as a function of the pressure in the 
discharge tube, disposition of the electrodes, etc. It must be mentioned, 
however, thet the investigation aimed rather at obtaining a discharge tube 
in which there was no rectification, than a strict study of the variation of 
the effect with the different parameters in the experiment. Such a tube 
was required in connection with certain experiments on the canal rays. As 
the discharge conditions used in these experiments varied from those of 
spark discharge to very low pressure glow discharge, the pressure was the 
appropriate variable, for obvious reasons, with which to follow the changes 
in the degree of rectification. 


Experimental 


The experimental arrangement used in these experiments consists of 
two discharge tube units. One of these (I) has got a diameter of 3-5 cm. 
provided with an aluminium cylindrical anode (diameter 1-5 cm., length 
2-5 cm.) fitted in a side tube at a distance of 18 cm. from the cathode. 
The cathode itself is made of aluminium 3-3 cm. in diameter and length 
7-0mm. ‘The other tube (II) which is 2-5 cm. in diameter has got identical 
electrodes of brass faced with aluminium ; the distance between the electrodes 
being 25 cm. 

The high voltage is obtained from a transformer ; the anode being con- 
nected to the high tension the cathode is earthed through a milliammeter. 
The total current passing through the discharge tube is measured by an 
A.C. Weston milliammeter of the rectifier type; the rectified part of the 
current being measured by a D.C. Crompton milliammeter connected in 
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series with the first. ‘The ratio of the rectified to the total current is here 
called the rectification ratio and is designated by the symbol p. ‘The fre- 
quency of the alternating current supply is 50 cycles per second. The H.T, 
voltage is measured by means of an electrostatic voltmeter of the Kelvin 
Whyte type ; the pressure being measured by a McLeod gauge. ‘The gases 
used are air (a mixture of N, and O,), nitrogen, oxygen. Nitrogen is 
obtained from a cylinder, oxygen on the other hand was generated by heating 
pure potassium permanganate in vacuum. ‘The gases are dried and purified 
by passing them over appropriate drying agents before being allowed in the 
discharge tube. Evacuation is obtained by means of a set of mercury dif- 
fusion pumps of the Waran type backed by a Cenco Hyvac oil pump. Liquid- 
air traps are used for preventing the diffusion of mercury vapour from the 
pumps and the McLeod gauge, into the discharge tube ; as also for purifying 
the gases used. Care was taken to avoid heating of the discharge tube by 
interrupting the discharge for a suitable time interval between two successive 
readings. 


Tables I-IV show the results for air, nitrogen, oxygen for conditions 
of spark discharge V-VI-VII the results for air, nitrogen, oxygen for condi- 
tions of glow discharge in discharge tube I. Table VIII gives the results for 
oxygen in tube I on repetition. Table IX gives the results for air for 
discharge tube II. Results in Tables V, VI, IX are shown in Curve 2 and 
those of Tables VII and VIII in Fig. 1. 


Rectification under Conditions of Spark Discharge 
in Discharge Tube I 











TABLE I TABLE II 
Air Nitrogen 
Rectificaticn | ee . | Rectification 
Pressure at: | ’ Pressure H.T. in | : 
Obs in cm. Hg. Hatto Obs in cm. Hg. KV. | Ratio 
' p | p 
| l 33 | | 
ie. 4 0-1 0- | 1 0.1 — (2 
| | } 
2 | 0-2 | 0-53 : 3 0-2 1-0 ~— 0-15 
| | 
3 | 0-4 | 0-53 | 38 0-4 1-8 ~ 0-10 
4 0-6 | 0-40 | 4 0-6 2-7 0-00 
| 
5 | 0-8 | 0-26 | 5 0-8 3-2 0-10 
é |} 1-0 | (Unsteady) | 6 1-0 3°8 0-15 
7 | 16 —S | 7 1-8 1-6 0-15 
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Note.—For observations in these curves, the discharge is of the glow type, the 
discharge voltage is < 1 KV. except for a few pressures noted below :— 


Air in Tube I.— 


Pressure .. d5*4, 49-0, 45-0, 37 
Discharge voltage 
in KV. ow US, (SeBee Bed, £-0, 56 
Nitrogen in Tube I.— 
Pressure .. 84°5, 72-9, 57-9, 52-4, 45-5, 
Discharge voltage 
in KV. oo: 1623. IeTy. SsBy.. BB. Sed, 
Air in Tube II.— 
Pressure .. 16°5, 61-2, 49°16, 38-2, 31-7, 
Discharge voltage 
in KV. 0°8, 1-9, 2°8, 4-3, 5-6, 


+3, 22-4, x 10cm. Hg. 


-l 


-2, 35-7, x 10-4 cm. Hg. 


3*2, 19°66, x10-4* cm. Hz. 
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Oxygen in Tube I.— repetition. of 
Pressure 51-35, 38-23, 26-22, 12-01, x 10-+cm. Hg. ty 
Discharge voltage fa 
in KV. 2-0, 3-4, 5-8, 11-0 - 
Oxygen in Tube I.— 1 
Pressure .. 32°48, 30-92, 15-20, x 10~4cm. Hg. a 
Discharge voltage 
in KV. 1-9, 2-8, 8-0 8 
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TABLE ITI 
Oxygen 
Obs. x. | en 
| P 

' 0-25 | 0.30 

. alia | 0-75 

, ite | 0-90 

4 0-6 | 1600 

TABE IV 
Discharge Tube II 
Air 
obs, | ,Pressume | um, | ™euatcnton 
p 

: _ 7 | ~ 0-06 
. ee | 0-16 
. a 1-5 0-66 
, ats 3-2 1-0 
5 0-8 3.8 1-0 
. _ 4-2 1-0 
7 1-1 4-8 1-0 














Discussion 


The rectification effect observed in the discharge tube can conveniently 
be divided into two components. The first is that due to the disposition, 
nature of the electrodes whereas the second is a function of the gas in the 
discharge tube. ‘The rectification effect due to the electrodes! can be ex- 
plained in some cases, in terms of the behaviour of the cathode fall at each 
of the electrodes. Thus for example, if we have got a discharge tube with 
two electrodes A and B such that when A is used as the cathode, the cathode 
fall is normal but with B used as the cathode it is abnormal, then working 
with an alternating current, more current will flow from B to A than A to B. 
This condition is obtained by making the surface of A large and that of B 
small. The rectification due to the nature of the gas has been treated in 
general terms by Townsend* for moderately low pressures, He has shown 
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both experimentally and theoretically that the rectification varies with the 
pressure and may change sign under suitable conditions. The pressures with 
which he worked were very high (range 11 to 760 mm.). 


In the second discharge tube used in these experiments, in which the 
electrodes are identical in shape, size and material, the effect due to the 
electrodes is practically eliminated. Referring to Tables I-IV we observe 
that that the high pressure rectification in the two tubes with the gases air, 
nitrogen and oxygen are all different. It is possible therefore that the recti- 
fication for this range of pressure is determined by the nature of the gas in 
the discharge tube. As against this proposition we note that the rectification 
in air in the two discharge tubes is opposite in sign. ‘The results are more 
conclusive for the range of pressures 0-5 to 0-1 mm. On reference to 
Figs. (1, 2) it will be seen that the variation of the rectification with 
pressure in the case of the different gases used is strikingly similar. 
It is possible therefore that what we have here is a pure effect due to 
the electrodes. This supposition is supported by the fact that there is no 
rectification for this range of pressures in discharge tube (II). The third range 
of pressures seems more difficult to understand, the rectification ratio rises 
rapidly in this region and generally reaches the final steady value of unity 
which is opposite in sign in the case of the air in the two discharge tubes. 
There is another difference shown in the behaviour of the discharge tube for 
pressures in this region. Generally speaking the_rectified current shows con- 
siderable variations with the time for which the discharge is passed. For 
ranges of pressures 0-5 to 0-1 mm. the rectified current has got a tendency 
to rise in value as the time for which the discharge is passed increases. 
Exactly opposite is the behaviour shown if the pressure is within the third 
range. ‘The rectified current shows wide fluctuations in all the different 
ranges of pressures, in the neighbourhood of the zero value. ‘The range of 
pressures for which this obtains is marked in tables as unsteady. It is 
probable that this phenomenon is similar to that observed by J. J. Thomson,’ 
viz., the so-called ‘ Throbbing’ of the discharge tube. It must be mentioned 
that the H.T. used in that case was direct and fluctuations were observed 
in the total current passing through the discharge tube. He observed the 
variation of the current with the time for which the discharge was passed 
and in some cases this gave rise to periodic fluctuations in the current. The 
period of the fluctuations varied considerably with the different conditions 
of experiment the longest period being of the order of minute or more. The 
final steady complete rectification observed in the case of air in the two dis- 
charge tubes is exactly in opposite direction to each other. The secondary 
maximum observed for pressures in the neighbourhood of 0-5 x 10°? cm. 
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in the curves seems to be real as it repeats itself on revision in oxygen and 
js present in air and nitrogen. These facts and the elucidation of the 
mechanism of rectification in the case of the different ranges of pressure 
both await satisfactory explanations. 
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Summary 

The rectification in discharge tubes has been quantitatively measured for 
two ranges of pressures varying from 500 to 20 x 10-4 cm. Hg. and 0 to 
1-8 cm. in the case of the gases air (7.e., a mixture of O, and N,), oxygen 
and nitrogen in differently designed discharge tubes. Rectification is found 
to be present in all cases under all conditions, except in one ; although the 
direction and magnitude of rectification varies within wide limit. Rectifica- 
tion is not observed only in the case of a discharge tube with electrodes 
identical in shape, size and material and that too, only for the range of 
pressures 400 to 100 x 10~* cm. Hg. For this range of pressures in the 
other discharge tube very similar variation of rectification with pressure in 
the different gases used is observed. 

Note.—Tables V to IX are not included in the paper; the data have been shown 
graphically in Figs. 1 and 2. 
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Let p (k,l) denote the smallest prime of the form km +1; and N [R, f (k) ] 
the number of /’s < k for which p (k,l) >¢ (Rk) f (Rk), where ¢ (k) denotes 
Euler’s function. 
The object of this short note is to prove the following : 
‘THEOREM I: When / is fixed, there are infinity of k’s for which 
p (k, l) > (1 — 8) & log &, for every positive 5. 
THEOREM II: When & is fixed, there is at least one / for which 
p (k,l) > (R) log &. 
THEOREM III: Whenk > hp, 
N (k, log k/a) > (1 — 1/a) ¢ (R). 
These results are almost trivial. Yet, since nothing is known about 
these functions in this direction, I venture to publish them. 
It will be interesting to find a function fy =f» (k) for which 
N (k, fo) =9{¢ (A) }- 
Of course, if generalized Riemann hypothesis is true, then 
W (k, A") = 0. 
Further, what is the ‘ normal order ’ of p (&, 1) when kis given? Can it 
be true that the ‘ normal order’ of p (, 1) is d (Rk) log k? 
Now we shall prove the above theorems : 
Letk =2-3-- -p.+ 1, where 2, 3, - - -, pare primes in order and 7 be 
any integer such that 
r+l<p. 
Then 7 + is divisible by a prime ¢ which is less than p. Hence, 
ky +1 = (2-3-+- -p+1)r4l 
ry +1 (mod. q) 
= 0 (mod. q). 
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So kr +Jlis not a prime wheny = 1, 2,- - -,f —land/>1. Hence 
p(k, WV >k (p —l) ~kp~k logk. 
Therefore p (k, 1) >(1 — 8) k log k, when k > ko, and k =2-3- - -p +1. 
From this, theorem I follows immediately. 
To prove theorem IT, 
put N =¢ (A) log &. 
By making use of the results that 


MO lh al ts z 
“we log x + (log x)? © " C= 7) 
. ~~ k - _ - 
| a: > A log log k’ 

j it can be easily verified that, when k > ky, 7 (N) < 46 (A) — 1. 
Since there are d (#), /’s prime to and less than k, it follows that, at least 


for one J», where (/), k) = 1, there is no prime of the form km +1,< N. 
Hence p (R, lo) > ¢ (R) log k. 


So theorem IT is proved. 


If we put N = [(¢ (Rk) log k/a] and argue as in the proof of theorem II, 
we get theorem III. 
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Let R (m) denote the nnmber of representations of in the form 


n=p+f, 
where # is a prime, and / is squarefree ; and 
A (n) =I §( — : 
Co a q— 1)’ 
where g runs through all primes for which » is a quadratic residue. 
Then Paul Erdos! has proved that, when » #1 (mod. 4), 
R (n) > 0. 
The object of this note is to prove. 
THEOREM: When u # | (mod. 4). 
2Vn 


“7 = ine n 


A (n). 

The proof is immediate from Erdos’ paper. 

Lemma : When m is divisible by neither 4 nor any prime which is a 
non-quadratic residue of 2, and s denotes the number of different odd prime 
factors of m, then the number of solutions of the congruence 

x? = n (mod. m) 
is 2°. 

This is a part of Satz 88 in Landau’s Vorlesungen uber Zahlen Theorie, 
Vol. I. 

With the help of this, following Erdos, we easily get, by the usual method, 
that the number of #’s for which » — a is divisible by any prime g < M, is 

vn vn . 
mqva{)-2,(1 - “5 )} + (ate at ), (1) 
where g runs through all primes = wien n is a quadratic residue and T is 
the number of such g’s < M, and the constant in O is independent of M. 





1 The Journal of the London Math. Soc., 10, Part 4, 243-15, 
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Representations of a Number as the Sum of the Square of a Prime 


As in Erdos’ paper, we divide the odd primes into four classes g, 7, s, t: 
(l)gq<M 
(2) M<re« (log )? 
(3) (log n)?<s< Vn/(log n)? 
(4) vVn/(log n)?<t< Vn. 
From (1), we have disposed of q’s. 
From the same paper, the number of #’s for which » — #? is divisible by 
an 7 is less than 


vn 2c vn : 
= log (vnjr)? r (r—1) . (w log =) (2) 
Again from the same paper, the number of #’s for which n — #? is divisible 
by s or ¢ or both is 
O { Vn/(log m)*}. (3) 
Hence from (1), (2), (3), the number of primes ~ for which » — #? is not 
divisible by the square of any prime is 


vn 2 vn vn 
oo mm Fi. Tn +04 ——, . ar} 0 (src) 
log Vr gem l q(q — 5 (log )? r M log n 
Vn 
+o Co ar): (4) 
Since A (n) is convergent, given any positive 5, we can choose an M so 
that 
9 
a)|A(n) — IT 1 —- —p)| <2 
(@) (") qa<M q(q — 1) 
1 
(0) M < 5, 
) 


(c) 2T < 2M < d logn 
Hence, from (4), 
Rn) = soy -yq Am) +0 (Ct) “a ae mr) 
Now 5 is arbitrary and the constant in O is independent of M and 6. 
Therefore, 
R (n) ~ Tos ” A (n). 
So the Theorem is proved. 
As a matter of fact, if we put 
M = log log n 
in (4), we get that 
2 Vn 


vn 
thn dia S Sapiniedidingd (mex eka: 
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LET 
F(z)= 2 Ls 
& Gz “r 
where 0,, bg, bs,---- are numbers such that no number in the set is a multiple 


ON NUMBERS WHICH ARE NOT MULTIPLES 


of any other in the same set. Then Felix Behrend! has proved that 


F (x) =O {log x// (log log «)}. 
In this note I prove the following : 
THEOREM: For an infinite number of sets 
eB 


F (x) > G a = -1) log x/ ¥ (log iog a).? 


By combining the two results we get 


Max. F (x) ~ A log x/ ¥ (log log a), 





where A is a constant. 


The determination of A seems to be difficult. 


Let g, denote a number which is composed of v prime factors, where 


each prime factor is counted according to its multiplicity. 


$(4)— 2 4. 
w<x dy 
p stands for a prime. 


T,.@ = . {1 + log (1 — log p/log x)/(log log x — D)}*/p, 
PSVex 
where D = 2 log 2 — B + O(8). 
We assume that 


, 


v < (1 + 8) (log log x — D) 





1 The Journal of the London Math. Soc., 1935, 10, No. 1, 42-44. 


2 Bisthe constantin © ws log log x +B+0 (1). 
P<pP 
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On Numbers which are not Multiples of any other in the Set 


where 6 is an arbitrarily small positive quantity. 
k=1 +6. 


Lemma 1. p> log p < (1 + 8) log x, when x > c. 
p<x P 

Lemma 2. zls log log x + B — 5, where x >. 
P<xp 


These two are immediate consequences of well-known results. 
Lemma 3. 'T, (x) > log log x — D. 
Let log (1 — log p/log x) > — y log p/log x) 


Then when p< Vx, ye et t) 2 log 2. 


So, 
[{1 + log (1 — log p/log x)}/(log log x — D)]” 
a ie - 
>1+ mies 3D log (1 — log p/log x) 


>1 — 2 log 2 log p/(log x) 
Hence 
9 9 ° 
T(x) > = l 7 2 x log p 
pgvx P 0g * PRV2 p 
> log log x + B — 8 — log2 — Rk (1 + 8) log 2 
> log log x — D. 
Lemma 3. SS, (x) > (log log x — D)”/v !, when x > c?”~’. 
Let us assume that the result is true for v. 
Then, when x > c®”: 
. 1 
(v + 1) S,44(%) >X7—_ , py <x 
p *q 
itis s. 
p<xPqy< xp% 
ly 
Vx p qv<x/p7 


Zz 
PS 
= 223 ©) 


1 x , 
> 2 (10g tog 5 — DJ /v! 
p<eviP Pp 


(log log x — D)” 
—— 


= 


o 


=! aE ty, (#) 
> (log log x — D)’*+2/v!. 
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Hence if the result is true for v, it is true for v + 1 also. 
But S, (x) > log log x — D. 

So the result follows by induction. 

Now we are in a position to prove our theorem. 


Put v = [log log x]. 


Then 
, 3 v/ Pa i) eB ) , ~ log x , 
he hg = — DY! (4/27 ” (3) 5 ° Vv (log log a) (1) 


Further the numbers q,’s are obviously of type 4 ; because no q, is a multiple 
of any other g,. Therefore, 


Sy (*) =F (x). (2) 


The theorem follows immediately from (1) and (2). 
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WHEN a horizontal beam of polarised light is passed through a colloidal 
solution the light scattered in the transverse horizontal direction is found 
to be depolarised. The magnitude of the depolarisation depends not only 
on the optical properties of the colloidal solution but also on the inclination 
of the plane of polarisation of the incident beam to the vertical. In the 
two extreme cases, 1.e., when the direction of the incident electric vector is 
vertical and horizontal respectively, the corresponding depolarisation 
factors are given by 
Py = H,/V, (1)2 
Pr = Vil Ha, 
where H, = V;. If, on the other hand, the plane of polarisation of the inci- 
dent beam is inclined at an angle @ to the vertical the depolarisation of the 
light scattered in the transverse horizontal direction can be calculated under 
certain assumptions. ‘The incident electric vector can be split up into two 
components, oue vertical and the other horizontal, the intensity being 
proportional to ccs?@ and sin?@ respectively. The light scattered in the 
transverse horizontal direction is made up of four components of irtensities, 
V, cos?0, V, sin?@, H, cos*@ and H, sin?@ respectively, of which the first two 
are with vibrations vertical and the last two are with vibrations horizontal. 
If these four components are entirely unrelated the resultant effect is obtained by 
the addition of intensities. ‘The depolarisation factor pg is therefore given by 
__ HorizontalComp. _ H, cos*#@ + H,sin*@ _ 1 + tan?@/p, . 
Po ~~ Vertical Comp. ~ V,,cos?@ + V, sin? ~ tan?0 + lip, (2) 
and hence pgs. = py. 
Thus, from a knowledge of p, and p,, pg can be calculated for any value of 8. 
Let us now consider some special cases. 
Case I: Small anisotropic particles.— 
According to the theory of Rayleigh and Gans, if a beam of light with 
electric vector along the z-axis be incident on a colloidal solution 





1 The symbols used in this equation have the same significance as those given in 
Proc. Ind. Acad. Sci., (A), 1988, 7, 22. 
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containing in suspension small anisotropic particles, along the x-axis of a 
system of co-ordinates x, y, z, the components of the intensity of the scattered 
radiation polarised parallel to x, y and z directions are given by X, Y and Z 
such that X = Y and X/Z = p,. If we suppose that the z-axis is inclined at 
an angle @ to the vertical and x-axis lies along the horizontal plane, the 
depolarisation of the light scattered in the transverse horizontal direction, 
i.e., in a direction in the xy-plane inclined at an angle @ to the y-axis is 
given by 
x sec?6 
Pe = Z cos?@ + Y sin?@ ~ tan?0 “+ I)p,, (3) 


Equation (3) is identical with equation (2) if we put p, = 1 for small aniso- 
tropic particles. 


Case II: Large isotropic particles.— 


According to Mie’s theory? if the incident light is plane polarised, the 
light scattered by large isotropic particles in any direction except directions 
parallel and perpendicular to the incident electric vector, is elliptically 
polarised. If the plane of polarisation of the incident beam is inclined at an 
angle @ to the vertical the vertical and hotizontal components of the light 
scattered in the transverse horizontal direction are Vg and Hg where 


Vo =k 





co 2 
an {An IT, * i 1’, - cos?6, 
0) 


on (4) 
Hy = a n | AnlT = 7 o i f . sint@ 
te) 


k is a constant depending on the wave-length of the incident light, A, and P,, 
are complex functions defined by boundary conditions depending upon the 
wave-length, the radius of the particle and the relative refractive index, and 
II,, and II,’ are spherical functions. The two components Vg and Hg are 
coherent with a definite phase difference. The depolarisation is equal to 
H,/Ve. When the incident beam is unpolarised the vertical and horizontal 
components of the transversely scattered light are given by 


Vv, =k 





Fn SA, 0, —P,1,'t} 
ee at 


* wi |E fa, Il,’ — P, Ip if: 
0 


2 G. Mie, Ann. d. Phys., 1908, 25, 377. 
3 These relations are obtained from Mie’s paper by putting 9 = 90— 6 and 
d -- 0 and applying the relations 44 and 45 in equations (78). See ibid., 1908, 25, 410. 
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Scattering of Polarised Light in Collotds 


It follows from equations (4) and (5) that 


Hg H, 
= =~ = —” tan’? = p, tan?d. 
Pe Vo Vy an Pu an (6) 
This is identical with equation (2) since H, = V, = 0 for large isotropic 


particles. 

Thus it is seen that the equation (2) giving the value of pg in terms of 
p, and pz is rigorously true for small anisotropic particles and for large iso- 
tropic particles. In the most general case of large anisotropic particles the 
equation (2) will be true if there is no coherence between the two vertical 
comporients V,, cos*@ and V, sin?@ and also between the two horizontal compo- 
nents H,, cos?@ and H,sin?0, t.e., the volume scattering and the anisotropic 
scattering ave uncorrelated as in the case of small anisotropic particles. Theore- 
tically, however, this assumption does not seem justifiable. 


Some Experimental Observations 
In order to find out how far the above assumption is valid in the case of 
large anisotropic particles, some preliminary measurements of the depolar- 
isation factor pg have been made for three different colloidal solutions and for 
various values of 6. The results are tabulated below. The values of pg 














Graphite sol | As.S3 sol | Toluene emulsion 
6 | | 
Pe Pe | Pe Pe Pe Pe 
observed | calculated | observed | calculated | observed | calculated 
| | 
0° 0-049 ae 0-027 cs 0 -0032 
10 0-053 0-057 0-03 -034 0-008 0-008 





071 0-084 0 052 056 0-021 
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calculated from the observed values of p, (= poo) and pz (= pgo0) applying the 
formula (2), are also given. 


A critical survey of the figures given in the table shows that the observed 
values of pg are not in agreement with the calculated values showing thereby 
that the formula (2) is not strictly true for particles of any size and shape. 
Graphite sol which contains highly anisotropic particles shows a greater 
deviation than toluene emulsion which contains isotropic droplets in suspen- 
sion. The deviations, however, are not large and may conceivably be due to 
a second order effect. 


The author is indebted to Professor Sir C. V. Raman for suggesting the 
problem and for valuable discussions. 
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THE gravitational equilibrium of an isolated fluid sphere is inherently assumed 
in the application of appropriate field equations of general relativity to the 
case of a spherically symmetrical distribution of the mass of a perfect fluid. 
The explicit condition that the internal equilibrium of such a fluid sphere 
be possible is that 

T = poo =p — 3p > 0, (1) 
where po or T is the invariant density of the fluid mass. The question is, 
whether the possible equilibrium states of a fluid mass as determined by the 
condition (1) are stable towards disturbances of spatial and temporal charac- 
ter. This is the same as studying the stability or instability of internal 
mass motion as determined by the stability or otherwise of the orbits of an 
individual particle belonging to the mass of fluid under consideration. These 
orbits are defined by the geodesic equations which can be expressed in a 
modified form, v7z., 


x* — {u v, 4} xP x” x + {uy v, a} xP x” = 0, 
(u,v =1,2,3,4; a =1, 2, 3), (2) 
where a dot denotes a differentiation with regard to ¢. In the equations for 


the small motion of a particle deduced from (2), there occurs an irreducible 
term, namely, {44, a}. Therefore, as a preliminary condition, we must have 


{44,a} =0, (a =1,2,3). (3) 
The form of the equations of small motion depends upon the particular 


line-element used. ‘Two of the important line-elements which can be used 
for the discussion of a spherical mass of perfect fluid are: 


ds? = — e dr — dG — r* sin®Odd? + e” dt? (4) 
and ds? = — eF [dr + rd + 7 sin? Od g*] + e” dé’, (5) 
where A =A (r, Z), v=v(r,t), and p=yp(r,l). Now, the equations 
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of small motion for the line-elements are: 





E+i€ =0, 

7 44 (2 log r) ny = 0, 

é + % (2 log r + 2 log sin 6) ti =0; 

and 

ee “ : . 71 

E+ (4 —dvn) & =O, | 

n + (# — 2%) 9 =0, f (7) 
C+ (uw —4h)¢ =0;) 


where ¢ =79+ &, 0=0, +7, 6 =do + €. (70, A, Ho) define the initial 
position of the particle. Therefore, corresponding to [ (4), (6) | and [ (5), (7) ], 
the necessary and suffivient conditions for the stability of equilibrium of the 
particle are, respectively, given by 


A~ 0, . [2 log r| ~ 0, 4 [2 log ry + 2 log sin 6] ~ 0, (8) 


and p—trv~d. (9) 


We shall now apply these considerations to the static and non-static 
cases of a fluid sphere. 


2. Static states of equilibrium of a fluid sphere. Here, we consider 


the stability of equilibrium of the static cases supplied by the solutions 
Nos. IV, V and VI of Tolman’s recent paper.2. The form of the line-element 
used by Tolman is that given by (4) with A = A (r) and v = v (7). 
SOLUTION IV. 
1 + 277/A? , 

 _ Se OE 7 DP coe 2 2/A2 
Here, e (1 —2)R% (1p r*/ARy’ ev = B(1 + 77 A2). 
With the usual notation, we get, 


o,, _. 6[R? (7 + A?) + 27? (A? + 27°)] 
8r (p — 3p) = —— AR! (1 — 2/R2 > 0. (10) 
(10) ensures the static equilibrium throughout the mass of fluid. At the 
centre of the sphere, we have 


6 
8m (p- — 3p.) = Ra > 9, (11) 
and at the boundary r = 7, p; = 0 and 
6 2A? + R? . 
Po = R2 . A? + 2R? = 0. (12) 
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(11) and (12) give the static equilibrium at the centre and at the boundary 
of the fluid sphere, respectively. 
For stability, we have 
_ PB r(l + AA (1 — AA) 
BH 3 ae FO (13) 
and {44, 2} = {44, 3} =0. (14) 


The necessary and sufficient conditions for the stability of the motion of the 
particle being, not totally, satisfied in this case the state of equilibrium is 
partially stable. 


SOLUTION V (n = }). 
7 


Here, e* = -_—__-_—_, and e” = Br. With the usual meaning for the 
4 — 7 (r/R)* 

symbols, we have 
82 (p — 3p) = 3p: = (x ’ >, (15) 
Pe — 3P- = 0, (16) 

and 
7 
2-14 

Ps = spe > 0. (17) 


(15), (16) and (17) go to point out the equilibrium of the fluid sphere without 
any singularity. Considerations as to the stability of equilibrium lead to the 
same conclusion as that for the solution IV. 


SOLUTION VI (n = }). 


3 
Here e* = ; and e” = (Az? — Br’). As before, we obtain 
24B 


Pe — 3p. = 0, (19) 
3° B ‘ 
and Sar y= 7A? > (20) 


(18), (19) and (20) determine the equilibrium state for this case without 
any singularity. Considerations as to the stability give a partial stability for 
the state of equilibrium. 


3. Non-static states of equilibiium of a fluid sphere. In a recent 
paper® the author has studied a number of solutions for the line-elements 
(4) and (5). Therein some four solutions have been found to have applica- 
tion to the case of a non-static distribution of a fluid sphere. We shall, 
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here, consider the stability of equilibrium of such non-static distributions, 
The notation used here is the same as that of the paper cited above. (2, 1) 
means solution I, article 2, of that paper. 


(a)—(2, 1). 
We have, ; 
Sa'T = Sapoo = 84 (p — 3p) = 24 BY (ry? — a) (Br* + 1) — SB. (21) 
Therefore, 82 (p — 3p) > 0, att = T, if 
By* — (a By — 1) 7* — (a + Ae) +} Aa + ata >0. (22) 


This gives us y < 7; that is, equilibrium is possible inside the boundary », 
of the fluid sphere. Equilibrium at the boundary is ensured by the fact that 


Sup, = A,(12 Be? + *) >0 - (23) 
which is possible in two cases, namely, (i) Co > 0, Ay > 0, and (ii) either 
Ay < 0, or, Cy <0, in which case we must have 12 B,?< or >({ — i) 
respectively. In order that we must get equilibrium at the centre of the 
fluid sphere, the following condition must hold good, vz., 


8 (p, — 3p,) = 12 Bo* [a + (2 By — 1) 7° — Bors] > 0. (24) 
For stability, we have in this case 
{44,a} =0, (a =1, 2, 3) (25) 


and, the necessary and sufficient condition that the equilibrium be stable, 
is that 


jp ~ 0, (26) 
that is, 8 ~ 0, which means that the pressure and density are slowly varying 
functions of time. 

(o)—(2, II). 


For this case, we have at ¢ = 7, 
ap, _ 6 [(l + %) {(3 — 5e*) 75% — 2 (1 — 2e*) * — a e*}] 
oe = © BFL — Qe%) ea ee 

which gives 

(3 — 5e*) (rz? — 7?) + (L — e*) ® — ae* > 0. (27) 
This determines the equilibrium configuration of the fluid sphere. For equi- 
librium at the boundary, the condition is 
6 (1 + e%) [(L — e%) 12 — a e*)] 


(Ll — 2e%) ‘i > 0 (28) 





Srp, = 
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which can be satisfied in two ways: (i) e* < 4, 7? > 0; (ii) e&* > 4, 7? > 4. 
The condition for equilibiium at the centre p, — 3p, > 0 reduces to 

(3 — 5e*) 72 — ae* > 0. (29) 

Now, as {44, 1} + 0 in this case, there can only be a partial stability, the 

necessary and sufficient condition for which is: 
: , 2T 

b- = FTA" 

(30) points out that this case of a fluid sphere has no stable equilibrium. 


0. (30) 


(c)—(2, 11I). 
For this static model we have for equilibrium 
= 4y2 — 157;? 
If there is equilibrium, then m < 0. But, the boundary density being given by 
11 
= — 32 
82 pz — (32) 
we have further p, < 0; and, further 
15 ‘ 
82 (p, — 3p.) = — = (33) 


Therefore, there are two cases: (i) m <0; there is no equilibrium at the 
boundary ; (ii) m> 0; there is equilibrium at the boundary only. An 
examination of the conditions of stability leads to the conclusion that 
stability of equilibrium can only be partial. 


()—(3, I). 


Here, we have 


8x (p — 3p) =4 [ > 0, (34) 


"% 
which gives ry > 37; for 2 possible configuration of equilibrium. There is 
equilibrium at the boundary because 


€ 
- 


737 





8p, = > 0. (35) 


p, and , being infinite, the equilibrium at the centre is undefined. Con- 
siderations of stability go to point out that stability can only be partial 
in this case also. 

So far, we have considered the stability of equilibrium of an isolated 
fluid sphere presenting several possible cases of independent configurations. 
But, as the fluid sphere gets distorted, it passes through a series of 
configurations. Such a distorted fluid sphere is represented by the general 
orthogonal line-element, v7z., 


dst = —(F + Fy) dx* — (F + G,) dy? — (F + K,) d? +(H + H,)dt?, (36) 
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where the original undistorted fluid sphere is characterised by the line- 
element, viz., 
ds? = — F (dx* + dy? + dz) + Hd??. (37) 
Here F = F (r,t), H =H (r,t), Fo = Fo (x, 9, 2, t), etc. It is assumed,-here, 
that the distortion is such that it does not render the hydrostatic pressure 
unisotropic. Moreover, it is supposed that Fy», Go, Ko, Ho are such that 
Ti =0, ij. (38) 
(38) gives a set of six partial differential equations of second order to 


determine the distortion functions Fy», Gp, Ky, Hy. For simplicity, we write 


F G K ‘ 
F == A, EF = By, = = az, = =4,, so that, the above-mentioned system 
4 4 








is given by: x 
2 (as +4) 4 [° log F (ai +44) , dlog F 2 (ay + a) 
ox ov ~—s ax oy oy ox 
log H 2 (a, — a) , dlogH d (a, 7] = 
a oy © oy ax aie 
F(a, +a) 4 [? log F 0 (a; +44) Oo log F d (a3 + a) 
oz 0x . ox dz "OZ ox 
Slog H d(a,— 4,4) dlogH (a3 —a,4)] _ 
a eee ae 
o* (a, + 4) 4 [Ps F d (a, +: a4) 0 log ea (ag + a) 
dy dz =L oy dz dz oy 
, dlog H 2 (ag — a) , Plog H 2d es— 20 ati 
voy Oz dz oy eile. 
+ (39) 
(dy +as) _ , [2 ee 0 (2a, — a —as) , 4 log F du 
Ox OF =L Ox ot a ae 
4 0 log H 2 (dz + as) ~ 
ox dt : 
(a4, +43) [? log F 0 (2a, — a, — 4) 4.9. dlog F da, 
dy oF 71 Oy dt Se & 
, dX logH 2d (a, + 4) wit 
"Oy dt ] eo 
o? (a, +43) _ 1 [2s F a (2a; —a, — ae , 9, . log F day 
~ Oz dF . Zz dt ee a 
d log H 0 (a, + a,) 
: ey, si. an: 
a dt | . 








These determine @,, @,, 43, 4, for given values of F and H, It has already 
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been stated that the necessary condition for stability is that {44, a} =0, 
(a = 1, 2, 3) which reduces to 


og. os 08 og 
gil eat + g?? - + 238 = 0. (40) 
For line-elements of the form (4) and (5) g,, is a function of 7 and ¢ only. 
Hence, (40) simplifies to the form, v7z., 


either gly + gy + oi8z — 0,) 
Eee * (41) 
or, 


= 0. | 
For stability, therefore, the second equation (41) requires that g,, should 
either be a constant, or, it should be a function of ¢ only. If this condition 
is not satisfied, the first of the equations (41) determines the so-called 
“ surface of stability ”’ 

Now, for the line-element (36), (41) gives : 

x (1 +4) (1 +43) +y (1 +4,) (1 +4) +2(1 +4,) (1 +a@,) =0 (42) 
that is, (x + y +2) (1 +4, +4, +4) + 4% (aga — 44) 

+ (€g a, — 42) +2 (a, a, — as) = 0. (43) 

For F =F (r) and H =H (7), the latter three partial differential equations 
(39) give the first integrals as: 





oa, K -#$ 

¥ 3 Ht + LH? fF , 

im, Ki, .7 8 
yt. (44) 

4 i ¥ 

and ee = = Hi+ NH?F *, 


where K, L, M, N are either functions of ¢, or, constants, the latter three being 
connected by the relation, viz., 
L+M+N =0. (45) 
From (43) and (44) we get after considerable reduction, the relation, viz., 
(¥ +9 +2) (1 +a, +a, +43) +% (1 — 4) +y (1 — ag) +2 (1— as) 


-$ 
Lx +My +Nz)F * =0, (46) 


3 
ss = 
(43) and (46) give together : 

3 -3 
% (@ea3 — 1) +y (aga, — 1) +2 (aya, — 1) + x (Lx +My +Nz)F * =0, 
(47) 
which determines the surface of stability. It will be seen that (47) depends 
upon / as dy, ds, a; involve ¢. Therefore, the surface of stability passes 
through a series of configurations with the march of time, 
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Non-static cases of fluid spheres with g,, cf the form H (r, t) do not 
satisfy the condition of stability ; but, for such cases of fluid spheres there are 
surfaces of stability which can be determined from equations (41). Initially 
static models of fluid spheres present interesting cases for the consider- 
ations of stability. These static models when distorted pass through a series 
of non-static configurations as can be seen from the functions aj, ds, az, a, 


; ; 7 . ‘ 
For a static case given by ¢* = pe = (Art — Br®),4 or, in terms of iso- 


1 


tropic co-ordinates e# = a abe e” =r*7 (A — Br), we obtain from (39) 
~ = —_ a 
a4, =}3Ur * +P ABA, | 
bam e~ a 
a =4Ur 7% +Qr  VT(A ~ Br)-4, (48) 
te 
and a,=3Ur 2 +Rr V7(A —Br')-3. | 


As oe + 0, the surface of stability can, therefore, be expressed as 


{7 
(x+y +2) (6K +2UKr - 3) 


5 
2 
—38K(Px+ Qy+Rz)r “7 (A — BA)-4 
377 —6 
—9(Lx+My+Nz)r 7? =0. (49) 
Here, U = /Kdt, P = /ldt, etc. ; and 
P+Q+R=0. _ (50) 


Hence, static or non-static changes in the guv’s, representing a change of 
configuration of the fluid sphere, do not change the state of partial stability. 
Stability of equilibrium is ensured only when 


faa _ 
a 0, 


for any configuration of the fluid sphere. 


(51) 
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7. Introduction 


IN a recent paper Tolman! has considered the static solutions of Einstein’s 
field equations for fluid spheres with non-varying pressure and density. 
The equilibrium state of such fluid spheres as exhibited by these static solu- 
tions is not of a stable character. As a matter of fact, it can be shown that, 
even relativistically, slight changes in pressure and density are bound to 
make the line-element representing the fluid sphere non-static. It is an 
attempt here to study some of the non-static solutions which can represent 
stable equilibrium state of a sphere of fluid mass. 


Einstein’s gravitational equations being non-linear in character, it is 
almost impossible to find the most general solutions of these equations. The 
task is made considerably easy by the assumption of the physica! condition 
of isotropy as given by the relation 

Ti =Ti =T3 =—p, (1) 
where the Tr,’s are the components of the material energy tensor which is 
identified with the pressure and density of the fluid sphere. ‘The relation (1) 
is in itself quite inadequate to determine the potentials g,, in terms of 7 and 
t. Explicit solutions of the gravitational equations are obtained only after 
making some further assumptions as restrictions on the form of the g,,’s. 
These assumptions give different cases which we shall presently study. 


2. A Line-element in Terms of Isotropic Co-ordinates 


An important line-element with spherical symmetry is supplied by 

ds? = — er (dr* + Pd® + rsin*Odg*?) + edi, (2) 

where p =p (r,?) and v = v(r,¢t). The non-zero component of the material 
energy tensor are given by the following equations, v7z., 
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"2 f\_2 ’ ’ 5 
Be Ti= — ee (H+ he + r “)+e(i +e —! Be) A 
, 4 if v 

8n'T? =8r'T? = — e-# (4 + ; oe 7 +e t*) +e-’ (44+ iv — Be) — A 

a) ” pe’ Qu’ z ") 
BnTy = — e-# (w + 4 ee, 
Sn'lt = — e-” (i ~ * ). 

T; = T; = T3 =— pf gives us the second order partial differential equation 

for p and », viz., 

” ’ , l , , ef: 2 
(eo + +2 (ve—p) — (ee +r’) — pv =0. (4) 


Here a dash denotes a differentiation with regard to ry and a dot denotes a 
differentiation with respect to ¢. It will be seen that (4) does not contain 
the differential coefficients with respect to ¢. The following cases determine 
» and v for the assumptions made therein. These cases are interesting as 
they supply non-static models of a perfect fluid sphere. There are other 
cases besides these which determine p and v as functions of 7 and ¢. But, 
as they have neither mathematical nor physical interest, they are not con- 
sidered here. 
Case I.— 

v=0, p =p I(r, 2). 
The differential equation (4) in this case reduces to 


p” — yeep’ =0. (5) 
‘The solution of (5) is found to be 
er = (A — Br*)-*. (6) 
where A and B are arbitrary functions of ¢. The non-vanishing components 
of the material energy tensor are found to be 





A— Br’) (A—Br*) + (A—Br®) 
Sap = 4B (A — Br’) (Br? + 1) + 7 aan “ op {A—Br? 
A — Bry? q 
Sap = — 12B (A — Br’) (Be? +1) +3- =) —A (7) 
_ 4(AB— AB)r 
SnTi= (A — BP 
and 8 (p + p) = — 8B (A — Br’) (Br + 1) 


(A — Br’) (A — Br?) + 2(A — Br?) 
ect oa Br)’ 


+2. 
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It will be shown later that for a fluid sphere T{ vanishes. Hence we get 

A =aB, (9) 
where a is a purely arbitrary constant. Therefore, we get the pressure and 
density as 


ss . } 
9 2 
Snp = 4B (a — r) (BA +1) + PB TB p 
+ (10) 
B? 
8mp = — 12B% (a — 7°) (BF +1) +3- 33 - A | 
Case II.— 


pomp, »=e(z), x= Ph —2. 
The differential equation for the determination of » and vy takes the form 
(Mir + vn) +3 (¥— BY) — Bait = 9, (11) 
d d* 
where ax = p44, ay = fty1, etc. 


(11) can still further be simplified with the D. N. Moghe assumption, v7z., 
pf — v =constant = a. 
Here, (11) takes the form 

2411 — Bi = 9, (12) 


o = (. ~~) (13) 


where a and 0 are constants of integration. The surviving components of 
T,# are only the psessure and density which are determined as 


which gives us pw as given by 


Srp =21(7 — 2a + 2%) — e* (44 —a —A)J+ A 
12 (14) 
8mp = > [(a— #) +er] — A } 
and 8 (b +p) =p lla te—A) +e (at —A)]. (15) 
(Pp +p) is zero if 1 + e* =0. 
Case III.— 
w+v=fir). 
Here, it can be deduced that » and v must be of the form 
w(r,t) =O(r) +$(t), vir, t) =P (7) F o(d), (16) 
where 6, ¢, % are perfectly arbitrary functions so far, and 
O(r) +H (r) =f (7). (17) 


Two cases are worth our consideration here: (i) @ + =a, where a isa 
pure constnat, and, (ii) 6 — 4% =f8, where B is another constant. But, 
it is found that (i) is not useful for a possible model of the fluid sphere. 
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Therefore, we shall only consider the case for @— 4% =f. ‘The differentia} 
equation for the determination of @ is found to be 


go” — 19 _ o2=0, (18) 
r 
The solution of (18) is given by 
m 


, - 
o =, 
n? — 7?’ 


(19) 


where m and n are arbitrary constants. The material energy tensor has the 
following surviving components : 


4n? — 7 ‘ . 
8rrp — e- (9+) late — eB +2 (p +4 #) | + A | 
3n? + 27° <i 
8p = — e+ 0 ae #] —A (20) 
2 _ 372 7 - 
aud 87r(p +p) =e-(@+9) ao — eB +26 (6 + 144) |. (21) 


>? 


3. A General Line-element Satisfying the Conditions of Spherical Symmetry 

Another non-static line-element which plays quite an important part 
in the general theory of relativity is given in terms of non-isotropic co-ordi- 
nates as 


ds* = — e dr — rd — rsin® Odd? + erdi?. (22) 
The following transformations can transform (22) and (2) into each other : 
© «te. © (23) 
r r 
dr dy’ dp 
and a ta (24) 
, dr dp 
Therefore, (1 — ef) — ay (25) 


Here A = A(z, ¢), v = v (7, t) ; and (25) gives the relation between A and yp. 
The non-vanishing components of the material energy tensor are: 

re 1 7} 

Srp =e-*(= a =) “— + A 


v6 
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The pressure and density are connected by the equation of state, viz., 
x , 
tw (p +p) <2 EY or 


The second order differential equation for the determination of A and vy is 
provided by the physical condition of isotropy, viz., 

Ti =T? =T > = — #; (28) 
which for this line-element turns out to be 

” "9 Te ’ ’ 2 

It is not possible to find out the general solution of this differential equation 
due to its non-linearity. Solutions of (29) are, however, possible to obtain 
if some further restrictions are laid on the form of A and v. The following 
solution is worth considering as it provides a case of fluid sphere whose 
pressure and density depends upon the time also. 


(27) 








For this case, 


A=A(X), v=A(x), X= log (7). 
In this case, (29) reduces to 
(vi, — 2¥, — Ay +4 — kal — 2) + 2e 


— A+ yy ty + EM — Amy) =0. (30) 
Let us, now, assume that A — v + 2X = 0. Then, (30) takes the simple form 
e =), 42. (31) 
This gives us 
n 2 re 2 
= Tpaex ~TFagh (32) 


The non-zero components of the material energy tensor are : 





1 Y 7} 

Bmp = 54 (1 +a‘) or 
1 

orp = 5a (1-304) - At (83) 
a 

we a 
8rTi = Dy 
with the equation of state as 
1 Y 
8m (p +p) =3 (1-47). (34) 


4. Applications to the Case of Fluid Spheres 


The equilibrium state of a spherically symmetrical distribution of fluid 
mass can, in general, be exactly represented by the non-static field equations 
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of general relativity. ‘The pressure and density of this mass of fluid can be 
connected with the material energy tensor T+, on the assumption that only 
a mass of perfect fluid is considered. This connection between /, p and TY, is 
given by the relation 

Th, = (2 + p) Say VAvP — pd,4 (35) 
where ¢,, is the fundamental tensor denoting the gravitational potentials, 


xP 
ve = oe the velocity of a particle belonging to the fluid mass, 5,4 the 


Kronecker delta.. The physical condition of isotropy gives us 


v=0, v=0, 8 =0 (36) 
Also, we have 
Ty = (2 + Pp) 84a (v4)®? — =p (37) 
because, 
Sua (“FF —1 =0; ) (38) 
and Ti =(2 +p) g1v' vt = 0. ) 
So that, relativistically, the necessary and sufficient conditions for a fluid to 
be perfect are : 
Tr ile zz =n TS ee p) 
Tt =p | (39) 
and TT = 0, j 


The expressions for the pressure and density for the different cases 
hitherto studied not only depend on 7 but they vary as the time i also. 
Moreoever, in some of the cases, itis found that T* survives. Hence, at the 
outset, we must consider two important points before we apply these solu- 
tions to the consideration of a sphere of a perfect fluid mass with a spherically 
symmetrical distribution of matter, namely, that, (i) conditions are to be 
found to get T¢ = 0, and, (ii) the boundary of the fluid sphere is to be found 
at a particular epoch ¢ = T ; similarly, the central pressure , and the central 
density p, are to be obtained for the epoch =T. ‘That is to say, that, 
these solutions behave as static solutions for the epoch ¢ = T. 


We now proceed to the detailed consideration of these solutions. 
(a) 21: 

The expressions for the pressure and density to be considered here are 
those given by (10). Let the epoch be ¢ = T. 
Then, 


[B (é)]ti=r = Bo, 


BB + B 
and rae |, Re, 4B,? Ay, say. 
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The boundary of the sphere is given by the bi-quadratic equation (the 
boundary being given by p = 0) 

Bors — (aBy — 1) 1% — (a + Ao) =9 (40) 
which gives 


One = - i) 2 <i + 1)? +4 Ao aay (41) 
oa 
and the boundary density can be expressed as 
Srp, = 12AyB,? + Co (42) 
B2 
where [3- all ,-. Cy. Similarly, the central density and pressure given 
by y= 0 turns out to be 
Srp, = 4 Bo? 7? [Bo 7s? — (a By — 1))) (43) 
and 8p, = — 12a B,? + Co. j 
The relation between the boundary density and the central density is given by 
Sar (ps — p,) = 12 Ber? (Bor? — (a By — 1)] (44) 


An important relation is, however, afforded by the connection between 
ps, pe and p, which is peculiar to this case, viz., 

Po = pe +3 fr. (45) 
Lastly, the pressure and density given by (10) can also be expressed as 


| 
Sar [? FF Pe] —— 4B* (Br? +1) (+ Ay) + m+ B | 
‘ + (46) 
2 2 ae 
and 8m [p = P2) | — 12BY Br +1) (2 +9) +9 * 


(b) 211: 

Here, the pressure and density is given by (14). The epoch is ¢ = T as before. 

‘The equations which determine either the boundary in terms of known const- 

ants and the epoch T, or, the epoch in terms of 7; and known constants, are : 
a (2 — e*) — 2T* (1 — 20") 


y= Ey. | 
1 (47) 
(1 +e fie — (2 — &) 
and T* = 2 (1 — 2e®) . 
The boundary density is given by 
; 6 (1 +e 5 oe — ae*)|* 





* Here the suffix ‘‘ b”’ is quite different from the same letter occurring in the 
denominator of r.h.s., the latter being used as a constant. 
A6 a FE 
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The pressure at centre of the fluid sphere is 
4(1 + e*) r;* 
Srp, a ( bz ) i 
We have also the curious result, viz., 
Pc = Pb» 
The density can, alternately, be expressed as 
6 (1 — e®) [a (2 — e*) — (1 + e*) 7;°)] 12 (1 — e®) @ 
Sa (p — ps) = b2 (1 — 2e4) = be > (51) 
(c) 2 III: 
Here T! =0 gives ¢ =0. Hence the reduced solution is static. ‘There- 
fore, the pressure and density have the following expressions, viz., 
4n? — 7 
= . (n? — 7)’ 
3n? + 27? [ 
and 8irp =— me @ — y?) . 
The boundary of the fluid sphere is given by 
15 =2n 
and the corresponding density is given by 
I] 
SPs = Sn” 
The pressure and density at the centre take the simple form, v7z., 
Me = m- 
The following inter-relations are worth noticing : 
4p, + 3p, = 0, and 9p, + ll p, = 0. 
In the sequel, the relations (52) can alternately be expressed as 
_ i _ _ Sr + 88 — 
Pp =P. re — 47” and 3p =p, y — 47 : (57) 
(d) 3: 
Here T#=0 unless a = 0. Suppose that a is an infinitesimal of the 
first order, say— ¢. Then T* ~ 0. This case, then, corresponds to a 
slightly inhomogeneous imperfect fluid sphere, the pressure and density 
being slowly varying functions of time. At any epoch ¢ = T, therefore, the 
boundary of fluid sphere is given by 
T 
n= ; 
€ 
and the corresponding density is 


9 
Sip, = =? 


‘3° 




















On some Non-Static Solutions of Einstein's Gravitational Equations 415 


The pressure and density at the centre are both infinite. They are related 
by the following differential equation : 


a 
gE +P =0. (60) 
This being a limiting case (a = — « —>0), T{—>0 only in the limiting 
case. Other point is that T¢ —0 as 7-+co. We have, therefore, 
1 /3er 
8m (p — 3p) = 73 — ” 1): (61) 


Hence, we have 
t 
= > > eee 
p—3p>0asr> 3< 
Conditions (62) make this a physically significant model. 


(62) 


5. Exterior Solutions 


As, the cases we have considered here are applicable to isolated fluid 
spheres, as a matter of fact, there is no need for the consideration of corres- 
ponding exterior solutions, either static or non-static. Still, it will not be 
out cf place to give a short discussion of such exterior solutions. It can be 
very easily found that the exterior solution corresponding to the case 2 I is 
given by 

2 
fuk on ene (63) 
and, the equations of fit, vzz., 


[er int.]r = = [er ext. |r — ne 


and fe” int.Jjrmr, = (e” ext.Jr=-r,, (64) 
give for this case, 
Qrt + Qn? (2aT + 2b —a) — (aT + 4) (5a® + 4a) = 0. (65) 
(65) must determine 7, uniquely ; so that, we must have 
4a?T? + 2a (5a* + 46 + 2a) T + { (2) + a)? + 10da?} = 0. (66) 
The conditions that T should be unique is that 
5a? 
ce a (67) 
Therefore, 
p an OE (+ 
(5a* + 47°)? (68) 


There are no convenient exterior solutions corresponding to the cases 
2II and 2 III. ‘There is, however, a general exterior solution for the cases 
tT. suit RA 

Le ape Me-#r 


3 F 
eG = 16h eF p?, er =- _ _ , (69) 


A7 


F 
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where L =L, (t), M= M(t), and k= f(t). This solution is not worth 
considering as the equations of fit give improbable values for the constants. 
We shall now consider appropriate exterior solution for case 3, 
Schwarzschild’s static exte1ior solution is 
eh =1—-™ _garae. (70) 
This serves as a convenient non-static exterior solution if m is of the form 
at +. For this case the equations of fit determine the boundary of the 
fluid sphere as 
sa? — Tr, + 2aT? + 2BT =0; 
ry is unique, if, we have 
— es » Woe . 
~ 8 (aT +8) 
If 8 = 0, the equations of fit determines 
1 
=o" 


Therefore, the pressure and density can be expressed as : 


=5,(1 + 
278 


a 


‘i za(1 o 
Jy 
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STUDIES IN THE CONESSINE SERIES 


Part V. Reduction of Nitro-conessine to Conessine-oxime and 
Conversion of the Oxime to Mono-oxy-conessine 
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OnE of the two isomeric mono-nitro derivatives, obtained through the 
action of nitric acid on conessine, was reported in a previous communication! 
to yield, on reduction with SnCl, or zinc and hydrochloric acid, not the 
corresponding amine but an oxy-derivative, mono-oxy-conessine. While this 
abnormal behaviour of the nitro group was discussed and accounted for as 
being due to its situation on an olefine double bond, it was contended that 
the authors had succeeded in reducing nitro-conessine through the catalytic 
action of platinum black to the amine, whose description was deferred till 
it was fully characterised. 


Subsequent investigations have now shown, that though the catalytic 
reduction of nitro-conessine (m.p. 173°) protects the nitrogen from elimina- 
tion as ammonia, resulting in the formation of mono-oxy-derivative (m.p. 
202°), this nitrogen is present in the new reduction base (m.p. 230-32°) not 
as amino group but in the form of an oxime. It was initially considered to 
be an amine on the strength of its nitrogen estimation (Found: N, 10-9; 
C.,4HggN.-NH, requires N, 11-3 per cent.) but the C and H values of the 
base and halogen values of its salts were found to correspond to those of a 
hydroxylamine. As, however, this base was found to be saturated to bromine, 
it is considered plausible that the hydroxylamine initially formed on catalytic 
reduction is tautomerised into the saturated oxime : 

C-NO, , C-NHOH C: NOH 
CosH 33 Ne: || + 2H, > CoHgN2: | > CosHysN2: | 
HC CH CH, 
The same oxime was later also obtained on reduction of nitro-conessine with 
sodium amalgam, in the course of our continued attempts to obtain the 
corresponding amine. Its yield by this method was nearly quantitative and 
the working easier than in case of catalytic reduction in which nearly half 





1 Siddiqui and Sharma, Proc. Ind. Acad. Sci., (A), 1937, 6, 199. 
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of nitro-conessine remained unchanged even after shaking for 24 hours and 
had to be separated through a tedious process of fractional crystallisation, 


On treatment with nitrous acid, the oxime gave an oxy-product which 
was identified with mono-oxy-conessine and a gas, obviously NO, which 
was quantitatively estimated. The same mono-oxy-product was also obtain- 
ed on treatment of the oxime with formaldehyde in acid medium. ‘These 
reactions, which support the oxime (or iso-oxime) character of the catalytic 
reduction product of nitro-conessine may find their explanation in the follow- 
ing series of equations : 

R>C——NH +HO-N:0O ——+R> CO +N,0 + H,0 
No OH 
Formaldchyde 


R> C——NH + H, >R> = 4 +> R> CO +NH; 
\o% NH, 


The action of formaldehyde was first tried to effect, if possible, the 

N-methylation of the oxime in its tautomeric form > C——-NH. As this 
\o4 

reaction, which has proved of special value for methylations in the conessine 
series,” yielded mono-oxy-conessine, it was thought possible that the methyl 
product is hydrolysed into the corresponding ketone, as happens with com- 
parative ease in N-alkyl derivatives of isoximes. This view, namely, the 
hydrolysis of the initially formed methylated product, however, had to be 
abandoned as repeated observations showed that no carbon djoxide is evolved 
in the reaction. In this connection it has been further noted that the oxime 
base is quite resistant to acid hydrolysis and that consequently the nitrogen 
cannot have been hydrolytically eliminated as hydroxylamine, but through 
reduction, as ammonia. 








The ketonic character of mono-oxy-conessine should appear plausible 
from the reactions noted above. On the other hand, it was intimated in the 
last communication? that though a double bond in mono-oxy-conessine could 
not be definitely fixed up, its presence appeared possible from its behaviour 
towards bromine. Subsequently it has been noted that the orange yellow 
water insoluble bromo-product, which was obtained on treating mono-oxy- 
conessine with two atoms of bromine in glacial acetic acid solution, slowly 
dissolves on heating with water or alcohol to a colourless solution which 





2 Siddiqui, J.I.C.S., 1934, 4, 283. 


3 See action of bromine on iso-conessine, Siddiqui, Proc. Ind. Acad. Svi., 1935, 
2, 426, 
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yields back mono-oxy-conessine on liberation with alkali. These observa- 
tions and the fact that even a few drops of bromine solution are not decolour- 
ised directly or on standing, lead to the conclusion that excess of bromine 
enolises the saturated oxy-base to form unstable bromoderivatives, which 
thus indirectly bear out the ketonic function of oxygen in mono-oxy- 
conessine. 


Further attempts to fix up the keto-group in oxy-conessine through its 
derivatives have not yet given any definite results. A discussion of this 
problem will be taken up in a subsequent communication along with studies 
in the function of oxygen in a series of crystalline oxy-products, which have 
now been eventually obtained through the action of permanganate, chromic 
and sulphuric acid mixture and other oxidising agents on conessine. 


Experimental 


Reduction of Nitro-cenessine with Pt-black.—Conessine oxime, (C,,H,,;N,0:) 
0-8 g. of nitro-conessine in 50 c.c. of methanol was shaken for twenty-four 
hours with 0-07 g. of platinum-black (prepared according to Willstrator’s 
method) in hydrogen atmosphere. ‘The solution was filtered, concentrated 
and put in the cold when 0-41 g. of a base melting at 223-25° was obtained 
which after several crystallisations from methanol finally yielded pure cones- 
sine oxime in colourless, stout prismatic rods (Plate) melting at 230-32°. 
The mother-liquor from the crude oxime yielded 0-35 g. of unchanged nitro- 
conessine melting at 169-70°. ‘The oxime was very sparingly soluble in 
petrol ether, ether or acetone fairly soluble in ethyl acetate and methanol 
in the hot and readily soluble in alcohol or chloroform. (Found after drying 
to constant weight at 100°, im vacuo, over P,O,;: C, 74-3, 74-4; H, 10-6, 
10-7; N, 10-9; N-CH,, 12-0; C,,H,,N3;O0 requires C, 74-4; H, 10-6; 
N, 10-9 ; N-CH, for three methyls, 11-7 per cent.) In 1% absolute alcohol 
it showed (a) = — 26-3.° In 1% CHCl, solution it showed (a) = + 9-5°. 





Carbonate was obtained on passing CO, in a moist ethyl-acetate- 
ether solution of the base, as a white semi-crystalline powder which did not 
melt up to 360°. (Found in air-dried substance: C, 52-6; H, 8-6; Cy,;Ha, 
N,O0-2 H,CO,-4$ H,O requires C, 52-7; H, 8-4; loss of weight on drying at 
100°, in vacuo, over POs, 12-8 ; CogH,1.N30-2H,CO,-4$ HO requires for loss 
of 4 H,O, 12-2; for loss of 44 H,O, 13-6 per cent.) } H,O is apparently not 
removed at 100°, in vacuo, as is also shown by the CH values of the substance 
after drying at 100°; C, 60-1; H, 8-8; N, 7-1; C,,H,,N,;0-2H,CO;-} H,O 
requires C, 60-0; H, 8-3; N, 8-1; CgsH4,N,;0-2 H,CO, requires C, 61-0; 
H, 8-8; N, 8-2 per cent. The slightly low N valve found appears to be due 
to uncombustibility of the carbonate which does not melt upto 360°. 
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—— —Hydrochloride was obtained as a white crystalline product by 
mixing the components in alcoholic solution. On recrystallisation from a 
mixture of alcohol, acetone and ether it came out in stars and clusters of 
colourless needles melting at 349° (dec.) and easily soluble in alcohol, water 
or methanol. (Found after drying at 100°, in vacuo, over P,O;: Cl, 15-5; 
C,,4H,,N,0-2 HCl requires Cl, 15-4 per cent.) 


———Hydre-iodide, prepared by adding aqueous KI soluticn to a 
dilute acetic acid solution of the base, was obtained on crystallisation from 
water in colourless, stout rods melting at 331°. (Found after drying to 
constant weight at 100°, 7m vacuo, over P,O;: I, 38-9; C.,H4,N,0-2HI 
requires i, 39-5 per cent.) 

———Picrate was obtained by concentrating the alcoholic solution 
of the components in yellow, stout, prismatic rods, blackening at 251° and 
melting at 254° with decomposition. 

———Platinate, prepared in the usual manner, formed a light orange 
coloured crystalline powder, melting at 292°. (Found after drying to con- 
stant weight at 100°, 1m vacuo, over P.0,.: | Bt; 23°83); C,4H,,N,0O-H,.PtCl, 
requires Pt, 24-5 per cent.) 

———Metho-iodide, prepared by adding CH,I to a CHCI, solution of 
the base was obtained as a white crystalline powder which changed in colour 
from 242° onwards and melted at 258° with decomposition. 


Reduction of mitro-conessine with sodium amalgam.—2-5 g. of nitro- 
conessine was dissolved in a mixture of 20 c.c. of alcohol and 5 c.c. of glacial 
acetic acid and treated with an excess of Na amalgam. On working up the 
residue, left on removal of alcohol from the reaction mixture on the water- 
bath, 1-9 g. of a base was obtained which after a few crystallisations from 
methanol finally melted at 230-32° and gave no depression with the base 
obtained through reduction of nitro-conessine with Pt-black. ‘The hydro- 
chloride, hydroiodide, platinate and picrate of the two bases also melted at 
the same temperature, and gave no depression in their respective mixed 
melting points. In 1% absolute alcohol it showed (a) = — 27°. In1% 
chloioform solution it showed (a)) = + 9-5°. (Found after drying to 
constant weight at 100°, 7m vacuo, over P,O;: C, 74-4; H, 10-7; N, 11-0 
per cent. C,,H,,N,0 requires C, 74-4; H, 10-6; N, 10-9; N-CHz for three 
methyls 11-7 per cent.) 


Action of nitrous actd on conessine-oxime.—An ice-cooled solution of 
0-12 g. of the base in 5 c.c. of dilute HCl was treated with a concentrated 
solution of NaNO,. After keeping for 4-5 hours at the room temperature, 
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during which no precipitation or turbidity was noticed, the reaction mix- 
ture was made alkaline with ammonia. On crystallising the liberated base 
from ether it came out in a network of long, colowless needles melting at 
200°. In 1% alcoholic solution it showed (a) = +11-5°. After drying 
to constant weight at 100°, im vacuo, over P,O;. (Found: C, 76-9; H, 11-2; 
N, 8-0; N-CHsg, 12-4 ; CogHygN2O requires C, 77-4; H, 10-8; N, 7-5; N-CH,; 
for three methyls 12-1 per cent.) 


This base and its hydrochloride, hydroiodide, platinate and picrate 
showed the same melting points as the previously reported mono-oxy-cones- 
sine, obtained on reduction of nitro-conessine with zinc dust and hydzochloric 
acid, and its salts. ‘The mixed melting points of the two bases and their 
respective salts also showed no depression. 


In a fresh experiment the above reaction was carried out in a distilling 
flask fitted with a separating funnel and connected on the one side with a 
CO, apparatus and on the other, through a ferrous sulphate catch, to a 
nitrometer with caustic potash solution, in order to estimate the N,O required 
by the equation : 


Co4Hy,N,0 = HNO, — CosHypN.O -- NO — H,0. 


A solution of 0-2 g. of base in dilute HCl was carefully washed down into the 
distilling flask through the funnel the last washing being done without letting 
in air. The apparatus was now freed of air with a stream of CO, and an 
aqueous solution of NaNO, (0-05 g., 1-4 mol.) was run into the flask without 
letting in air. ‘The gas which immediately began to evolve was driven into 
the nitrometer with a slow stream of CO,. After about half an hour the nitro- 
meter did not record further increase. 11-02 c.c. gas, calculated for N.T.P., 
was thus collected ; N,O required by the above equation, 11-20 cc. On 
working up the colourless reaction mixture as described earlier 0-166 g. of 
pure oxy-conessine (m.p. 200°) was obtained (87% of theory). 


Action of formaldehyde on Conessine-oxime (iso-oxime).—0-11 g. of the 
oxime base was heated on a water-bath with 0-36 c.c. of 25% solution of 
formic acid and 0-30 c.c. of a 40%, solution of formaldehyde for 2} hours, 
during which no evolution of CO, was noticed. The solution was then made 
alkaline with NaOH and the precipitated base crystallised from ether, when 
it was obtained in long, colourless needles. This base and its salts had also 
the same melting points as mono-oxy-conessine and its corresponding salts, 
and no depression was noticed in their respective mixed melting points. In 
alcoholic solution the base showed the same optical activity as mono-oxy- 
conessine. 
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Substitution of H-COOH by dilute acetic acid or by dilute HCl in the 7 
above experiment did not affect the formation of mono-oxy-conessine and 7 
no evolution of CO, could be observed in any of these reactions. . 


Action of bromine on Conessine-oxime.—The first few drops of bromine 
solution in glacial acetic acid coloured the glacial acetic acid solution of the j 
base and the colour persisted on standing. When, however, the solution of 
the base was kept with 2 atoms equivalent of bromine, a bromo-product 
secondarily appeared to be formed which will be dealt with after further 
investigation in a subsequent communication. 

Action of bromine on mono-oxy-conessine.—To 0-10 g. of the base in 
3 c.c. of glacial acetic acid was added 10 c.c. of a 4% glacial acetic acid 
solution of bromine in the cold. Bromine was found to be in excess on 
addition of the first drop of the solution. After a few c.c. of the bromine 
solution had been added an orange yellow flocculent precipitate began to 
form which turned into a granular powder on rubbing. After addition of 
the quantity required for two atoms of bromine the precipitate was filtered, 
washed with ether and dried on a porous plate. 


On warming this product with a small quantity of alcohol it formed 
aggregates of yellow prismatic rods which shrink at 200° and decompose 
at 232°. On heating it for a longer period with alcohol or water it yielded 
a colourless, crystalline powder which was easily soluble in water and alcohol, 
decomposed abruptly at 365°, showed no depression in its melting point 
with mono-oxy-conessine dihydrobromide and gave back mono-oxy-conessine 
on liberation from its aqueous soluiion with alkali. 


Summary 


Nitro-conessine, obtained previously by the authors, has been found to 
yield, through catalytic reduction with Pt-black or on reduction with sodium 
amalgam, not the normal amine but a product which has been established 
as containing an oxime or an iso-oxime group and has been named conessine 
oxime. The oxime base has been further found to be converted by the 
action of nitrous acid to mono-oxy-conessine which was later also obtained 
by the action of formaldehyde on the oxime base in acid medium. ‘The paper 
includes a discussion on the mechanism of these reactions. 
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Errata 


Vol. X, No. 3, September 1939, page 214.— 


Equation (7 -4) : 


Equation (7-5) : 


For K3_, {x Hy~« (sz) --- ete. 


etc. 


Read ae {x H,, -2 (x) oo 
) ; 


- etc. 
etc. 


For K2_, {% Hy- (x 


— =... 1 {y H,, —2 (y) ua 


Read K2_, {x Hy-2 (%) --- etc. 
= Ki_3{y Hy-2 (y) --: etc. 





